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Abstract

An asymptotic analytical radiative transfer (AART) theory was used to retrieve snow
optical parameters such as extinction coefficient, diffuse exponent, asymptotic flux ex-
tinction coefficient (AFEC), snow optical thickness and probability of photon absorp-
tion (PPA). This theory was applied to the reflection and transmission data for a tem-5

perate snow cover from 400–1000 nm wavelength region, to retrieve AFEC for different
types of snow cover (thick, thin, dry, wet, new and old snow). The AFEC values were
found at 450 nm wavelength region in the range from 0.06 to 0.22 cm−1, where high
values were observed for increased wetness and impurity in snow. A good agreement
between AART retrieved and other radiative transfer model retrieved parameter shows10

that AART theory can work well for different types of snow. The extinction coefficients
for temperate snow ranged from 0.5 to 1.0 mm−1 and the e-folding depths ranged from
5 to 25 cm. The snow physical characteristics such as grain size and density were
also retrieved using derived optical parameters and found in agreement with ground
measurements. The main advantages of the proposed AART method are the simple15

analytical equations that provide a valuable alternative from complex numerical radia-
tive transfer solutions.

1 Introduction

The interaction of solar radiation with a snow cover has many applications in the study
of the Earth’s radiation balance, remote sensing, snow metamorphism, snow photo-20

chemistry and snow ecosystem. The snowpack can be treated as a turbid medium
having ice grains of different shape and sizes with air in the pores. The interaction of
solar radiation with such a turbid medium can be described by radiative transfer theory.
The solutions of the integro-differential radiative transfer equation (RTE) are used to
study media having different internal microstructure (Kokhanovsky, 2006). A number25

of numerical and analytical techniques has been developed to date (Chandrasekhar,
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1950; Dunkle and Bevans, 1956; Sobolev, 1975; Van de Hulst, 1980; Nakajima and
Tanaka, 1988; Thomas and Stamnes, 1999; Siewert, 2000; Liou, 2002; Mishchenko,
2002). The popular numerical algorithm technique uses an iterative approach to obtain
the solution for single scattering. The obtained solution is substituted in the integral
term of RTE to find the next iteration and the procedure is repeated until convergence5

is reached. However, the iteration technique requires quite large computational time
for optically thick media. Therefore, another approach has been developed to treat the
special case of an optically thick turbid medium. In particular, this technique allows
us to represent the turbid layer reflectance as a combination of the reflectance for the
case of a semi-infinite turbid medium minus a correction term, which accounts for the10

finite thickness of a layer under consideration. The corresponding asymptotic analyt-
ical radiative transfer theory has been studied by Rozenberg (1967), Sobolev (1975),
Minin (1988), Zege et al. (1991), Yanovitskij (1997), and Kokhanovsky (2006).

Reflection and transmission are important properties of a turbid medium that are
needed to determine the inherent optical parameters of the medium. The extinction15

coefficient, single scattering albedo and phase functions are the important fundamen-
tal optical parameters in radiative transfer theory needed to retrieve physical parame-
ters of a turbid medium. Many of studies reported on light reflection or albedo from
a snow cover but very few studies have examined light transmission through a snow-
pack due to the difficulty of measuring transmission without disturbing the snowpack.20

Perovich (2007) studied light reflection and transmission by a temperate snow cover
and estimated the snow extinction coefficient. In his study two detectors were used to
measure reflected and transmitted irradiance.

In the present study an attempt has been made to study snow as weakly absorbing
optically thick medium using reflection and transmission functions. Different analytical25

equations of AART theory were described to retrieve the important snow optical char-
acteristics such as extinction coefficient, optical thickness, diffuse exponent, asymp-
totic flux extinction coefficient, e-folding depth and probability of photon absorption.
These equations were used to analyze the reflected and transmitted data collected

1241

http://www.the-cryosphere-discuss.net
http://www.the-cryosphere-discuss.net/5/1239/2011/tcd-5-1239-2011-print.pdf
http://www.the-cryosphere-discuss.net/5/1239/2011/tcd-5-1239-2011-discussion.html
http://creativecommons.org/licenses/by/3.0/


TCD
5, 1239–1262, 2011

Application of
asymptotic radiative

transfer theory

H. S. Negi et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

by Perovich (2007) from a temperate snow cover for different types of snow. The re-
sults obtained for AFEC using AART theory were compared with previously retrieved
AFEC by Perovich (2007) using two-stream radiative transfer theory from Dunkle and
Bevans (1956). The retrieved optical properties were also used to retrieve snow phys-
ical properties such as effective grain size and snow density to compare with ground5

observations.

2 Theory

For an optically thick (τ0 →∞) finite turbid layer (valid for ω0 → 1), the asymptotic
relations for reflection and transmission functions can be presented as (Sobolev, 1975;
Zege et al., 1991; Kokhanovsky, 2006);10

R(τ0,µ,µ0,ϕ)=R∞ (µ,µo,ϕ)−T (τ0,µ,µo)m exp (−kτ0), (1)

and

T (τ0,µ,µo)= tK0 (µ)K0 (µ0). (2)

Where R∞ (µ,µo,ϕ) is the reflection function of a semi-infinite medium with the local
optical characteristics (ω0,p(θ)),m=e−y , k is the diffuse exponent, t is global transmit-15

tance and τ0 is optical thickness of the medium. Here ω0 is single scattering albedo,

p(θ) is phase function and y is defined by y =4
√

1−ω0
3(1−g) , where g is asymmetry param-

eter. µ0 = cosϑ0; µ= cosϑ; ϑ0, ϑ and ϕ are solar zenith, viewing zenith and relative
azimuth angle, respectively. Function K0 (µ0) is called the escape function and can be
given approximately by (Kokhanovsky, 2003):20

K0 (µ0)=
3
7

(1+2µ0). (3)

Equations (1) and (2) can be used for an analytical solution of the inverse problem and
the determination of snow optical characteristics. This can be done using spherical
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albedo and global transmittance measurements. In case of weakly absorbing optically
thick media; the spherical albedo (r) and global transmittance (t) can be derived in the
following form (Rozenberg 1967; Kokhanovsky, 2006);

r =
sinh (x)

sinh (x+y)
, (4)

and5

t=
sinh(y)

sinh(x+y)
, (5)

where x=kτ, y =4 kq, and q=1/(3(1−g)) (Zege et al., 1991).
The diffuse exponent (k) depends on the single scattering (ω0) and asymmetry pa-

rameter (g), as explained by Zege et al., 1991 by the following relation:

k =
√

3(1−ω0)(1−ω0g). (6)10

Similarly the snow optical characteristics can also be defined using the reflectance and
transmittance functions. It follows for the reflection function of a semi-infinite medium
R∞ (µ,µo,ϕ) (Zege el al., 1991):

R∞ (µ,µo,ϕ)=R0
∞ (µ,µo,ϕ)exp(−yD(µ,µ0,ϕ)), (7)

where D(µ,µ0,ϕ)=K0 (µ)K0 (µ0)/R0
∞ (µ,µ0,ϕ) and R0

∞ (µ,µo,ϕ) is the reflection func-15

tion of a semi-infinite layer at ω0 = 1.
Thus, Eq. (1) can be written in following simpler form:

R(τ0,µ,µo,ϕ)=R0
∞(µ,µo,ϕ)exp (−yD(µ,µ0,ϕ))−T (µ,µo)exp(−y−x), (8)

with

T (µ,µo)=
sinh(y)

sinh(x+y)
K0(µ)K0 (µ0). (9)20

Equations (7) to (9) can be solved to retrieve x and y parameters, which can be further
used to retrieve different snow parameters by analytical equations.
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3 Retrieval methodology

In case of spherical albedo and global transmittance measurements, Eqs. (4) and (5)
can be used to estimate parameters x and y . In particular we derive from Eqs. (4)
and (5) (Zege et al., 1980):

x=arsinh(Q/2t) and y =arsinh(Q/2r), (10)5

where Q=
√

(1+r2−t2)2−4r2.
Further x and y can be used to make the retrievals for optical thickness (τ) for finite

layers given by

τ =
4qx
y

, (11)

where q = 1/(3(1 − g)). One can assume that g = 0.76 as for fractal snow10

grains (Kokhanovsky et al., 2011) and diffuse exponent (k) can be retrieved by sub-
stituting the values of x and τ,

k =x/τ. (12)

Extinction coefficient (Kext) can be retrieved from optical thickness of finite vertically
homogeneous snow with thickness (H):15

Kext = τ/H. (13)

In the asymptotic region, the light intensity I(z) as a function of depth is explained as
asymptotic flux extinction coefficient, which depends on scattering and absorption of
light in snow and described as (Domine et al., 2008):

I(z)∝e−α0 (λ)z, (14)20

where α0 (λ) is AFEC and given as (Zege et al., 1991)

α0 (λ)=kKext. (15)
1244
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The AFEC can alternatively be derived by the ratio of x to H (geometric thickness)
using Eqs. (12) and (13). For an asymptotic region different radiative transfer theories
were generated by various authors that can retrieve the AFEC (Bohren and Barkstrom,
1974; Wiscombe and Warren, 1980; Warren 1982; Zege et al., 1991; Hamre et al.,
2004). Some of them are based on diffusion theory, in which the diffuse attenuation5

coefficients are parameterized.
Another optical parameter, the probability of photon absorption β (i.e. (1−ω0)) can

be estimated using Eq. (6), by substituting the value of g:

β=
k2

N
. (16)

where N is constant (=0.72) by considering the value of g as 0.76.10

The snow physical parameters i.e. snow density and effective grain size can be re-
trieved from the snow extinction coefficient (Kext) and by knowing one of the snow
parameter, as given by following relation (Kokhanovsky and Zege, 2004; Domine et al.,
2008):

Kext =
3ρ

2ρiaef
, (17)15

where ρ is the density of snow and ρi is the density of ice (=0.917 g cm−3).
The effective grain radius aef can also be derived using β at NIR channel, given by

following relation (Kokhanovsky and Nauss, 2005):

β=β∞ (1−exp (−α`)), (18)

where the value of β∞ corresponds to the limiting case of an ice crystal, which absorbs20

all radiation penetrating inside the particle (α` →∞). The value of β∞was found 0.47
at n=1.31 (for ice) (Kokhanovsky et al., 2011). The particle absorption length (PAL) `
in Eq. (18) is proportional to aef (Kokhanovsky and Nauss, 2005):

` =Maef, (19)
1245
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with the parameter M depending on the shape of particles. In this study the value of
M was considered as 2.63 for fractals grains (Kokhanovsky et al., 2011). In Eq. (18),
α = 4πχ

λ is a linear absorption coefficient for ice. The imaginary part of ice refractive
index (χ ) was used as tabulated by Warren and Brandt (2008). Thus from Eqs. (18)
and (19) aef can be estimated as:5

aef = (Mα)−1 ln
(

β∞
β∞−β

)
. (20)

The “e-folding depth” ε (λ) is the distance through which light propagates in the medium
before its intensity is reduced by 1/e times its initial value in deep snow layers. This
parameter can also be retrieved using α0 (λ) as follows (Domine et al., 2008):

ε (λ)=
1

α0 (λ)
. (21)10

In case of reflectance and transmittance measurements, the value of y can be esti-
mated using measured values of reflectance for semi-infinite snow depth. From Eq. (7),

y =
1

D(µ,µ0,ϕ)
ln

(
R0
∞(µ,µo,ϕ)

R∞(µ,µo,ϕ)

)
. (22)

The values of y can be estimated in visible and NIR region up to 1180 nm, where the
reflectance R∞ (µ,µo,ϕ)>0.2, as AART theory only works well for reflectances greater15

than 20% (Kokhanovsky, 2006). By substituting y from Eq. (22) and T from Eq. (9),
Eq. (8) can be written in terms of x as follows, which can be solved analytically for the
parameter x (Appendix):

R =R0
∞exp (−yD)−K0 (µ)K0 (µ0)

(
ey −e−y

ex+y −e−x−y

)
exp(−y−x). (23)

Once the parameters x and y are known from Eqs. (22) and (23), the different snow20

optical and snow physical parameters can be retrieved using the analytical equations
as described from Eqs. (10) to (21).
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4 AART theory to experimental data

4.1 Measurement description

Perovich (2007) measured the spectral distribution of light reflected and transmitted
from a temperate snow cover. A 2.4 m×2.4 m horizontal black painted plywood plat-
form was used for the experiments. Two spectroradiometers were used, one was up-5

ward looking placed at the base of the platform to measure the transmitted spectral
irradiance and another one for measuring incident and reflected irradiance. Spectral
measurements were made between 400 and 1000 nm wavelength region with 5 nm
spectral resolution. Hemispherical cosine collectors were used for irradiance mea-
surements. The observations were made under cloudy skies with the solar disk either10

barely visible or not visible. This provides an observational data set of spherical albedo
and global transmittance. A series of measurements of incident, reflected and transmit-
ted irradiance were made for different snow depths. Making such observations as the
snow depth increases during a storm is difficult due to snowfall during night. Therefore
measurements were made with a few centimeters of snow cover incrementally stripped15

off between each set of measurements. This method also provided measurements on
a fairly homogeneous snow cover. Snow physical characteristics, such as snow thick-
ness and density, were measured at the time of optical measurements. Snow grain size
and shape were measured using micro photographs and a scale with micro mike (eye
piece). The measured snow grain sizes were the maximum equivalent grain diame-20

ters (EGD). Snow wetness was measured qualitatively.
In the present study five sets of reflection and transmission data of different types of

snow were selected for the comparison with AART retrieved parameters. This includes
19 cm thick and around one month old snowpack, impact of new snow and impact of
snow melt, which provided thick, thin, dry, wet, new and old snow conditions. Per-25

ovich (2007) used a “two-stream” radiative transfer model formulation by Dunkle and
Bevans (1956). This assumes isotropic scattering and computes the downwelling and
upwelling irradiance in a medium. Greenfell and Maykut (1977), Grenfell (1979) and
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Perovich (1990) also used this formulation for sea ice and polar snow.

4.2 Snow optical parameters

Perovich (2007) analyzed the reflection and transmission snow cover data using a “two-
stream” radiative transfer model for diffusing medium by Dunkle and Bevans (1956)
and estimated the diffuse extinction coefficient also known as asymptotic flux extinction5

coefficient (AFEC). Figure 1 shows the comparison between AART retrieved AFEC and
AFEC derived by Perovich (2007) for a 19 cm thick snowpack using spherical albedo
and global transmittance data. The retrieved AFEC values using AART theory were
found to be similar (up to three places of decimal) as derived using the Dunkle and
Bevans (1956) model. Figure 2 shows the comparison between AFEC derived by10

Perovich (2007) and retrieved by AART theory for 14 cm old snow and 15.5 cm new
snow. In this case similar trends were observed with an average shift of 0.5–0.6 cm−1

in AFEC values. This shift in the AFEC values may be due to presence of 2 cm crust
of frozen aggregated sleet with individual rounded grains of 1–3 cm in diameter on the
top of old snow (Perovich, 2007). Here we feel AART theory does not work correctly15

for melt freeze crust with large grains. However, the corresponding slight increase in
the AFEC due to new snow can be observed using both the theories. Figure 3 shows
the spectral dependence of AFEC for dry and wet snow. In this case again a very
good agreement was found between AFEC derived by Perovich (2007) and retrieved
by AART theory. There is a significant increase in the AFEC values along the entire20

wavelength region for wet snow. The difference for the high values of AFEC can also
be attributed to contamination, as impurities in snow can significantly increase the
AFEC in visible region (Choudhury et al., 1981). The presence of particulates and
vegetative detritus in wet snow were observed in the field, supporting the increased
AFEC for wet snow. The AFEC values observed by different researchers at 450 nm25

ranged from 0.07 to 0.17 cm−1 for various types of snow (Choudhury et al., 1981).
Using the present theory the AFEC varied from 0.06 to 0.22 cm−1 at 450 nm for different
types of temperate snow. The agreement of AART retrieved AFEC with other theories
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shows that the AART theory can also work well to retrieve snow parameters for different
types of snow.

The snow optical thickness (SOT) was estimated using the AART theory from snow-
pack transmission data. The retrieved SOT shows a linear relation with snow geomet-
ric thickness (Fig. 4). The extinction coefficient (Kext) of snow was retrieved using SOT5

and was roughly 1 mm−1. The extinction coefficients (Kext) for different types of snow
as discussed above were also retrieved and found to range from 0.5 to 1.0 mm−1.

The probability of photon absorption (PPA) was estimated as a function of wave-
length using AART theory. The comparison between PPA of old snow and new
snow (only 1.5 cm new snow on old snow) shows almost similar values for both the10

snow types in the visible region, but differences at longer wavelengths (Fig. 5a). The
old snow has higher PPA, perhaps due to large grain size (Kokhanovsky and Zege,
2004). Similarly, the wet snow PPA was observed to be larger than PPA for dry snow.
This may be attributed to larger grain size in wet snow due to clustering of snow grains
at the temperature of snow close to its melting point.15

The e-folding depths retrieved using AART theory were found in the range between
5 and 25 cm in the visible region for different types of snow. These values depend
on the absorption within the ice, scattering by the snow grains, and reflection at the
boundaries of snow layers. The minimum e-folding depth was 5 cm for wet snow and
the maximum was 25 cm for old dry snow. The e-folding depth was approximately20

18 cm for around one month old 19 cm thick snow. For 14 cm old snow and 15.5 cm
snow (with 1.5 cm new snow on the top of 14 cm old snow) depths, similar values of
e-folding depths 9.8 and 9.2 were observed respectively. Values of e-folding depth
retrieved using AART theory are found in the similar range (5 to 25 cm) as reported by
other authors (Domine et al., 2008).25
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4.3 Snow grain size and density

The snow density was retrieved using the estimated extinction coefficient (Kext) and
measured equivalent grain diameter. It can be observed from Table 1, that the mea-
sured snow densities are similar to AART retrieved snow densities, except in case of
serial numbers 4 and 5. The difference for serial no.4 (i.e. dry snow) may be due5

to the measured grain size being an equivalent snow diameter, which was measured
as maximum length of the column snow grains and therefore gives a larger diame-
ter. However, optical sensors measure the effective grain size (aef), which is defined
by the average volume and average projection area of a snow grain (Jin et al., 2008;
Kokhanovsky, 2011). The measurement of maximum equivalent grain diameter is not a10

correct measure as reported by Aoki et al. (2000) since the aef belongs in the range of
measured lengths of narrower portions of broken crystals. However, in case of rounded
snow (i.e. spheres), the aef is the same as actual radius (Jin et al., 2008; Kokhanovsky
et al., 2011). For 11 cm snow depth (Table 1), the measured grains were rounded and
the snow was observed as wet and saturated due to rain. Wet snow normally has a15

larger density than dry snow (as observed) and generally the large grains formed in wet
snow due to clustering (Colbeck, 1982). Therefore the difference in the AART retrieved
density may be due to measurement error in the field observation of snow grain size.

Alternatively, the snow grain size can be retrieved using estimated snow Kext and
measured snow density. Table 1 shows that the retrieved snow grains are well in20

the range of measured snow grain size except for serial number 4 and 5. For dry
snow (14.5 cm thickness), the difference in grain size is due to the retrieved effective
diameter and measured maximum equivalent grain diameter as discussed above. For
wet snow (11 cm) the retrieved grain size (around 2 mm) observed is larger than mea-
sured grain size. This supports the inference of grain size measurement error for wet25

snow.
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The grain sizes were also retrieved using PPA at 860 nm and we found similar values
as using above method. In this method snow density from the field is not required for
retrieving grain size. The advantage of this alternative method is that, using retrieved
grain size, snow density can be estimated if we know the snow Kext. Sometime results
at 860 nm may have absorption due to pollution, which can effect the grain size estima-5

tion. This could possibly be the reason that the retrieved grain sizes using this method
are usually slightly larger than the grain sizes retrieved from the previously discussed
method using density (Table 1). Zege et al. (2008) and Kokhanovsky et al. (2011) have
modeled the effect of soot in NIR region for retrieving effective grain size from satellite
measurements.10

5 Conclusions

The AART theory has already been applied to many situations such as cloud and at-
mospheric optics, but this is the first time it has been used to retrieve snow optical and
physical properties from reflection and transmission functions of temperate snow cov-
ers. The simple analytical equations using the theory are used to retrieve different snow15

parameters. Perovich (2007) used the spherical albedo and global transmittance (r , t)
measurements to retrieve the AFEC for different types of snow using the theory of Dun-
kle and Bevans (1956). The similar values of AFEC are found using the AART theory
for different types of snow (dry, wet, thin and thick). This shows that AART theory being
simpler works as well as the other theory to retrieve AFEC for different types of snow.20

The only differences in the retrieved AFEC values are found in case of crust of frozen
aggregated sleet, where AART theory does not work correctly. In addition with the use
of AART theory, snow optical parameters such as Kext, PPA, snow optical thickness,
diffuse exponent, e-folding depth are also retrieved. The values of retrieved e-folding
depth are also found in the range between 5 and 25 cm for different types of snow as25

reported by others. The analytical equations are also described to retrieve the above
parameters using reflectance and transmittance measurements.
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Snow physical parameters such as grain size and density are estimated using re-
trieved extinction coefficients from reflected and transmitted data and compared with
measured values. A difference between measured and retrieved snow density is ob-
served in some cases due to the difference of measured and effective grain diameters.
Snow grain sizes are also estimated using PPA at NIR region i.e. 860 nm and this also5

supports the results of estimated snow grain size and density from Kext for different
types of snow. This shows that AART theory can work well for different types of snow
to estimate snow parameters using simple analytical equations. This method retrieves
snow parameters in a computationally fast manner and has importance in many appli-
cations of snow photochemistry, Earth radiation balance and remote sensing.10

Appendix A

Let ex = z, (A1)

Eq. (23) can be written as

(R−R0
∞e−yD)=K0 (µ)K0 (µ0)

(
ey−e−y

ey 1
z−e−yz

)
e−yz, (A2)

Eq. (A2) can be written as15

D=
Az

B
z −Cz

, (A3)

where A=K0 (µ)K0 (µ0)
(

1−e−2y
)

, B=ey ,C=e−y and D= (R−R0
∞e−yD).

Az2 =BD−CDz2, (A4)

z=

√
BD

(A+CD)
(A5)

Substituting the value of z in Eq. (A1), value of x can be retrieved.20
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Notation

R reflectance function
T transmittance function
r spherical albedo
t global transmittance
µ solar zenith angle
µ0 viewing zenith angle
ϕ relative azimuth angle
ω0 single scattering albedo
g asymmetry parameter
θ scattering angle
p(θ) phase function
K0 escape function
k diffuse exponent
β probability of photon absorption (PPA)
α0 asymptotic flux extinction coefficient (AFEC)
` particle absorption length (PAL)
aef effective radius
ρ density of snow
ρi density of ice
χ imaginary part of the ice refractive index
ε e-folding depth
λ wavelength of light
α linear absorption coefficient for ice
τ optical thickness
Kext extinction coefficient
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Table 1. AART retrieved snow parameters using derived extinction coefficient (Kext) and mea-
sured snow parameters.

S. No. Figure reference Measured snow Measured snow Derived Retrieved snow density Retrieved snow grain
(snow depth) density grain diameter Kext using measured diameter (mm)

(kg m−3) (mm) and shape (mm−1) grain size using density using PPA
(kg m−3) at 860 mm

(1) Fig. 1 120 0.25–0.5 0.92 68–137 0.33 0.42
(19.0 cm) (Round)

(2) Fig. 2 200 0.5–1.0 0.63 96–193 1.03 1.4
(14.0 cm) (Round)

(3) Fig. 2 172 0.5–1.0 0.68 104–208 0.83 0.84
(15.5 cm) (Round)

(4) Fig. 3 143 1.0–3.0 0.70 215–647 0.67 0.62
(14.5 cm) (Column)

(5) Fig. 3 373 0.5–1.0 0.55 92–183 2.22 3.25
(11.0 cm) (Round)
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Fig. 1. The comparison between AART retrieved AFEC and AFEC derived by Perovich (2007)
for 19 cm deep snow, on 4 March 1994 snowpack.
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Fig. 2. The comparison between AART retrieved AFEC and AFEC derived by Perovich (2007)
for old and new snow on 12 February 1997 snowpack.
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Fig. 3. The comparison between AART retrieved AFEC and AFEC derived by Perovich (2007)
for dry and wet snow (dry snowpack: 12 January 1996 and wet snowpack: 18 January 1996).
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Fig. 4. The ratio of AART retrieved snow optical thickness (SOT) to snow
geometric thickness (H).
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Fig. 5. The probability of photon absorption (PPA) retrieved using AART theory for (a) old and
new snow, (b) dry and wet snow.
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