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Abstract

Seismic amplitude-versus-angle (AVA) methods are a powerful means of interpreting
the physical properties of subglacial material, although interpreting an AVA response
is complicated in the case of a thinly-layered substrate. A layer thinner than one-
quarter of the seismic wavelength is considered seismically “thin”, and reflections from5

its bounding interfaces are perceived as a single event. Since a lodged (non-deforming)
subglacial till can capped by a thin (metre-scale) cap of dilatant (deforming) till, seri-
ous misinterpretations can result if thin layer considerations are not honoured. AVA
responses for layered subglacial tills are simulated: we model dilatant layers of thick-
ness 0.1–3.0 m (up to a quarter-wavelength of our synthetic seismic pulse) overlying a10

lodged half-space, assigning typical acoustic impedance and Poisson’s ratios to each.
If thin layer effects are neglected, the AVA response to ultra-thin (<1.0 m) dilatant lay-
ers yields incompatible physical properties (acoustic impedance and Poisson’s ratio
indicating, respectively, a low- and high-porosity unit). We show an interpretative strat-
egy that identifies thin layer effects and accurately quantifies the modelled acoustic15

impedance of lodged till from the composite AVA response. We apply this method
to example seismic AVA data from the Russell Glacier outlet of the West Greenland
Ice Sheet, in which characteristics of thin layer responses are evident. We interpret
a stratified subglacial deposit, with upper and lower layers of high-porosity (<1.0 m
thick, Poisson’s ratio >0.492±0.015) and low-porosity (acoustic impedance of 4.20–20

4.39×106 kg m−2 s−1) material, respectively assumed to represent dilatant and lodged
tills. Thin layer considerations are strongly advised wherever seismic AVA analyses are
used to quantify subglacial material properties.

1 Introduction

Characterising the physical properties of subglacial material is a key research goal25

for improving the representation of basal dynamics in predictive ice-flow models
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(e.g. Pattyn, 1996; Truffer et al., 2001; Pimentel et al., 2011; Sergienko and Hulbe,
2011). Seismic reflection methods provide a powerful means of imaging the bed of
glaciers and ice masses, and are increasingly used for quantifying substrate material
properties (e.g. Smith, 1997; Nolan and Echelmeyer, 1999; Anandakrishan, 2003; Pe-
ters et al., 2008). Seismic amplitude-versus-angle (AVA) analysis is particularly useful,5

having the potential to measure at least two mechanical properties of a subglacial ma-
terial, specifically its acoustic impedance and Poisson’s ratio (Aki and Richards, 2002;
Gretener, 2003) (note: AVA exploits the same seismic characteristics and principles
to amplitude-versus-offset, AVO, but expresses the variation of reflectivity with actual
incidence angle rather than its offset proxy). AVA has had notable use in glaciology for10

identifying subglacial lakes (Peters et al., 2008), thick sequences of dilatant (deform-
ing) till (Anandakrishnan, 2003) and transient changes in subglacial hydrology (Nolan
and Echelmeyer, 1999; Kulessa et al., 2008).

Seismic AVA analysis has several key assumptions, a number of which can be vio-
lated when analysing the response over a subglacial till unit. A till deposit can be highly15

complex, with abrupt variations (both vertical and lateral) in physical properties (Evans
et al., 2006) that, critically for seismic interpretation, can be present on a smaller spa-
tial scale than the wavelength of the seismic wavelet (∼10 m in glaciology, depending
on source characteristics and ice thickness; Smith, 1997). Such small-scale variations
greatly complicate the interpretation of an AVA response (Swan, 1991; Bakke and20

Ursin, 1998; Nolan and Echelmeyer, 1999) and, in this paper, we consider how reliably
a “thinly-layered” till deposit can be characterised in seismic data.

Although AVA practitioners within glaciology may be aware of the potential for such
problems (e.g. Richards, 1988; Nolan and Echelmeyer, 1999), there have been few
reported investigations of how “thin layer” AVA responses manifest themselves or how25

they can subsequently be interpreted. Here, we review AVA theory and consider the
definition of “thin”, from a seismic perspective. We then use synthetic seismic data,
simulating an acquisition over dilatant (deforming) and lodged (non-deforming) sub-
glacial till layers (e.g. Evans et al., 2006; Peters et al., 2007), to show how the AVA
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response is complicated by such thin stratifications. This analysis leads to the pro-
posal of a strategy for interpreting subglacial properties from thin layer AVA responses,
which we then apply in (a) analysis of new seismic data from an outlet glacier of the
West Greenland Ice Sheet and (b) an alternative suggestion for a till structure beneath
an Antarctic ice stream, compared to that proposed by Peters et al. (2007). Thin layer5

considerations are vital for accurately interpreting the physical properties of subglacial
till deposits, and we highlight the serious misinterpretations that may result if they are
neglected.

2 Reflection coefficients and amplitude-versus-angle responses

A seismic wavelet undergoes a partial reflection when it encounters an interface be-10

tween contrasting acoustic properties. The fraction of energy reflected, termed the
“reflection coefficient”, R, is influenced both by the magnitude of that contrast (specif-
ically in terms of the velocities of P-(primary) and S-(shear) waves, density and, to a
lesser extent, seismic quality factor, Q), and the incidence angle at which the wavelet
arrives. For a wavelet propagating at normal incidence (i.e. θ=0) from the i th to the j th15

layer, the P-wave reflection coefficient is a simple function of the acoustic impedance
within each layer:

R(0)=
zj −zi
zj +zi

(1)

where Z denotes acoustic impedance, the product of density and P-wave velocity, vP
(note: transitions between highly contrasting (e.g. an order-of-magnitude or more) qual-20

ity factors may also contribute to the observable reflectivity of an interface (Odebeatu
et al., 2006; Quintal et al., 2009; Morozov, 2011)). However, in the general case of
non-normal incidence (i.e. θ >0), a fraction of the incident P-wave is also converted to
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S-wave energy, hence reflectivity is also influenced by Poisson’s ratio, σ:

σ =

(
vp/vS

)2−2

2
((

vp/vS
)2−1

)′ (2)

where vS is S-wave velocity (note: as S-wave velocity approaches zero (i.e. its velocity
through water), Poisson’s ratio reaches its theoretical maximum of 0.5). The general
expression for R(q) is the “Knott-Zoeppritz equation”, a complicated, non-linear func-5

tion of angle and acoustic properties (Aki and Richards, 2002) and the variation of
reflected amplitude with angle is termed the “AVA response”.

Figure 1 shows AVA responses modelled for glacier beds underlain by mate-
rial of varying (a) acoustic impedance and (b) Poisson’s ratio (see Table 1); in all
cases, the acoustic impedance and Poisson’s ratio of the overlying ice are fixed at10

3.50×106 kg m−2 s−1 (Peters et al., 2008) and 0.33 (Anandakrishnan, 2003) respec-
tively. Note, for reference, AVA curves for ice-rock and ice-water interfaces are also
included as these represent end-member contrasts in typical glaciological settings.

Where acoustic impedance of the substrate exceeds that of the overlying ice, the
zero-incidence reflection coefficient is positive (Fig. 1a, models i -iv ), switching to neg-15

ative (i.e. a polarity reversal) between 40–55◦ incidence; these “zero-crossings” can be
highly diagnostic of material properties (Anandakrishnan, 2003). In Fig. 1b, since Z is
fixed, all models express equal R(0) but express different AVA gradients (e.g. strongly
negative in model i and strongly positive in model v , at least up to θ=55◦). As shown
in these models, strongly positive AVA gradients indicate high Poisson’s ratios in the20

subsurface, as associated with water-saturated sediment (S-waves propagate more
slowly in wet materials, leading to increases of v in Eq. 2).

The characteristics of numerous AVA responses can be summarised on an “AVA
cross-plot” (Simm et al., 2000) (Fig. 1c for previous model curves). Shuey (1988)
linearises the Knott-Zoeppritz equations, simplifying the angular variation in reflectivity25
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as:

R(θ)=A+Bsin2(θ), (3)

where A and B are functions of velocity and density contrasts. A and B are estimated
by linear regression on the AVA curve plotted against sin2(θ). This linearisation is most
appropriate in cases of negligible refraction, i.e. for θ up to ∼30◦, and for small veloc-5

ity contrasts. Our models, and typical contrasts across the bed of a glacier, violate
this latter condition, hence A and B cannot be used to quantify velocity and/or den-
sities. However, the AVA cross-plot still serves as an efficient means of highlighting
qualitative characteristic trends between families of AVA curves. Best-fit Shuey terms
are therefore derived and cross-plotted (Fig. 1c) for each curve in Fig. 1a and b (cross10

and circle symbols, respectively). Changes to acoustic impedance have the greatest
effect on A (which approximates R(0)), whereas changes to Possion’s ratio only modify
B. We return to the AVA cross-plot in later analysis, when comparing synthetic AVA
responses.

3 Thin layers in glaciological AVA analysis15

The Knott-Zoeppritz equations are strictly defined for the interface between two oth-
erwise infinite, homogeneous, isotropic, half-spaces, and the presence of “thin layers”
between these half-spaces violates this assumption (Bakke and Ursin, 1998; Aki and
Richards, 2002; Nolan and Echelmeyer, 1999). In seismic terms, a layer is consid-
ered “thin” if it is thinner than one-quarter wavelength of the seismic wavelet (Widess,20

1973). At this threshold, termed the “tuning thickness” (Widess, 1973), reflections
from the upper and lower interfaces of the layer superpose and a single interface is
perceived. For thinner layers, around one-eighth of the wavelength, the composite re-
sponse approximates the derivative of the original signal (Bakke and Ursin, 1998), and
further thinning also reduces its amplitude (Bakke and Ursin, 1998). For these “ultra-25

thin” layers, the composite response may also be influenced by intrabed multiples and
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mode conversions (i.e. respectively, wavelets that reverberate within the thin layer, and
those that are converted between P- and S-wave modes). Thin bed effects introduce
significant potential for misinterpretation, and Swan (1991) cautions that their impact
can be stronger than the intrinsic lithological AVA effect.

Would thin-layer problems be commonplace in glaciological seismic investigations?5

With a typical seismic wavelength of ∼10 m (Smith et al., 1997; Anandakrishnan, 2003;
Horgan et al., 2008), vertical stratifications spaced more closely than a small number
of metres would be considered seismically “thin”. Although glaciers themselves are
clearly good approximations to half-spaces, subglacial tills frequently contain metre- (or
sub-metre-) scale contrasts (Smith, 1997), such as the transitional boundaries between10

dilatant (deforming) and lodged (non-deforming) (e.g. Clarke et al., 1984; Echelmeyer
and Wang, 1987; Iverson et al., 1988, 1994; Truffer et al., 2000; Boulton et al., 2001;
Porter and Murray, 2001; Evans et al., 2006; Iverson, 2011; Reinardy et al., 2011). It
would therefore be prudent to consider how such fine-scale layering affects a seismic
AVA response whenever surveys are conducted over till substrates.15

Numerous strategies, developed principally in the hydrocarbon sector but also in
glaciology, are available for interpreting thin layer AVA responses, although simpli-
fications and/or assumptions that these make may be inappropriate in glaciological
settings. Lin and Phair (1993) quantify the properties of a thin layer located in an oth-
erwise homogeneous half-space, assuming that its upper and lower interfaces there-20

fore have equal-magnitude reflection coefficients. This is clearly unsuitable in glaciol-
ogy, where a thin layer of dilatant till is bounded by ice and lodged till, respectively.
Richards (1988) and Nolan and Echelmeyer (1999) derive generalised analytic expres-
sions for thin-layer AVA responses by summing infinite series of intrabed multiples,
but this approach effectively imposes an infinite quality factor (i.e. neglects wavelet25

attenuation). More realistically, a finite quality factor would more-rapidly attenuate in-
trabed multiples, and distort the interference pattern given the progressive extension
of wavelet period. Here, we decompose the composite AVA response to a thin layer
geometry using three approaches:
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1. travel-time analysis of the reflected wavelets that contribute to the composite
response,

2. assessment of the effective reflectivity of those reflections using the
Knott-Zoeppritz equation, and

3. full-waveform forward modelling of thin layer seismic responses.5

3.1 Ray-tracing of reflected travel-times

We ray-traced travel-times for an isotropic, homogeneous glacier, overlying a horizon-
tal, isotropic, layer of dilatant till and a lodged till half-space (model parameters listed in
Table 2); the ice is 1 km thick, although the AVA response is independent of ice thick-
ness provided that the relative range of offsets is maintained. Material properties of ice,10

dilatant and lodged till were taken from Peters et al. (2008); the acoustic impedance
of the dilatant till is within the plausible range specified by Vaughan et al. (2003), and
its Poisson’s ratio is 0.494, typical for water-saturated sediment (Gercek, 2007). In
Sect. 3.3, our synthetic source wavelet has a dominant frequency of 150 Hz (matching
the pulse observed in later analysis of field data) and a nominal wavelength, λ, of 12 m15

in the dilatant till (vP =1800 ms−1). We therefore extend the thickness of the dilatant till
layer, hd, from 0.1 m to 3.0 m, i.e. from an ultra-thin layer (hd <<λ/8) to the theoretical
limit of resolution of the dominant wavelength of the synthetic seismic wavelet.

Travel-times for nine reflected raypaths (Fig. 2) were calculated for sources and re-
ceivers offset in a common-midpoint (CMP) configuration from 0 to 5000 m (0–68◦ basal20

incidence, for the 1 km ice thickness). The nomenclature of each raypath describes the
mode (i.e. P- or S-wave) of the wavelet as it crosses an interface; we only consider ray-
paths that arrive at the surface as P-waves, since S-waves travel more slowly through
ice (vS ≈0.5 vP) hence do not interfere with the base-ice reflection, PP. Critical refrac-
tions are not considered since, at each interface and for each wavelet mode, incidence25

angles are sub-critical.
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Example travel-times for hd =3.0 m are shown in Fig. 3a, plotted for clarity as a lag
behind the arrival time of PP. The lag is almost-constant for each raypath, given that
they are strongly refracted towards vertical across the ice-till interface (for PP imping-
ing at 68◦, PPPP and PSSP are refracted to 27.8◦ and 3.0◦, respectively). At this
theoretical limit of resolution, the two-way travel-time of a P-wave through the dilatant5

till layer is 3.4 ms (grey shading), hence only raypaths that lag PP by less than this can
interfere and therefore contribute to the composite AVA response. Here, PPPP arrives
just beyond this lag, supporting the theoretical assumption that hd =3.0 m is indeed the
limit of resolution in our study. Equivalent models for thinner layers are shown, along
with relevant synthetic data, in Fig. 4.10

3.2 Effective reflectivity

Deriving the individual AVA responses of these reflections allows their specific contribu-
tions to be identified within the composite AVA response. We use the Knott-Zoeppritz
equations to obtain the effective reflectivity (i.e. honouring all of the reflection and trans-
mission coefficients accrued by the time the wavelet emerges from the till unit) of the15

nine reflections in Fig. 2 (Fig. 3b), and plot this against the PP incidence angle (as
would be performed if only a single reflection was resolved).

The base ice reflection (PP) shows AVA characteristics expected from a transition
from low-to-high σ and high-to-low Z , specifically negative R(0) (=−0.011), positive
AVA gradient (here, for θ <50◦) and a polarity reversal (here, at θ≈10◦). The P-wave20

reflection from the internal till interface (PPPP) has the opposite character (positive
R(0)=+0.066 and negative AVA gradient), although P-wave reflectivity within the di-
latant till is low and its intrabed multiples are negligible. However, the equivalent re-
flectivity for S-waves is much higher; PSSP is very strong at 60◦ incidence (4-times
stronger than the maximum magnitude of PP) and its multiple wavetrain remains sig-25

nificant even after two reverberations. However, the successively reversed polarity of
S-wave intrabed multiples causes them to interfere destructively, thereby limiting their
potential for interference.
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Together, travel-time and reflectivity models suggest that the strongest contributions
to the composite AVA response will be PP and PPPP, with weaker contributions from
PSPP, PSSP, and intrabed multiples of the latter in the ultra-thin layer cases.

3.3 Forward modelling of seismic data

Although they provide valuable insight into the overall character of a composite AVA re-5

sponse, the previous modelling approaches assume infinite quality factor, and impose
no attenuation on the propagating wavelet. We therefore forward-modelled seismic re-
sponses using the software “SKB2” (Laboratoire de Géophysique Interne et Tectono-
physique, University of Grenoble; Kennet and Kerry, 1979; Bouchon, 1981; Kennet,
1983; Mallick and Frazer, 1987), which delivers the three-component (i.e. vertical, ra-10

dial and transverse) seismic response to a one-dimensional reflectivity model (homoge-
nous, isotropic, horizontal layering) for any prescribed range of CMP offsets. Here, we
consider only the vertical component of the seismic wavelet since geophones in our
field data (Sect. 5) recorded only that component.

As in previous modelling, we assume a source pulse of 150 Hz frequency and CMP15

offsets from 0 to 5000 m, and the physical properties listed in Table 2. The P-wave
quality factor (QP) is measured from seismic data (Sect. 5) and, in the absence of a ref-
erence value for the S-wave quality factor (QS), we assume QS =QP (e.g. Abercrombie
and Rice, 2005) (although, as stated, S-waves that propagate in ice are of secondary
importance here). There appear to be no reported examples of either QP or QS for in20

situ subglacial till hence, for each thickness model, we produce three sets of seismic
responses assuming different attenuation. First, we assume that the till is essentially
non-attenuating, fixing QP =QS =104 (termed “Q∞”). Thereafter, we impose two sets
of quality factors (see Table 2) derived in the hydrocarbon industry for unconsolidated
sea-floor mud (Best et al., 1994; Ayres and Theilen, 2001; Riedel and Theilen, 2001;25

Sain and Singh, 2011), simulating high-Q (“QH”) and low-Q(‘QL’) regimes. This ana-
logue is considered appropriate, particularly given that the pore-pressure regime in
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sea-floor sediment is more likely to be representative of that beneath an ice sheet,
than a measurement made on a surface till exposure.

Selected forward-modelled seismic responses are shown in Fig. 4 (Q∞, QH and QS
models, respectively, in rows a, b and c), together with the appropriate ray-traced
travel-time model (again, the grey shading indicates the 3.4 ms lag at the λ/4 reso-5

lution threshold). An amplitude scalar is derived and applied to each trace, assum-
ing propagation in ice only, to correct for geometric spreading and attenuation losses
(in which the attenuation rate of the dominant 150 Hz frequency is assumed). Dis-
played travel-times again correspond to the lag behind PP, following the application of
non-stretch normal-moveout (NMO) corrections (Perroud and Tygel, 2005), assuming10

vP =3800 ms−1 (e.g. Peters et al. (2008), and measured from data in Sect. 5). A con-
trol response is included in each figure for comparison, corresponding to ice overlying
a non-attenuating dilatant till half-space (i.e. hd =∞). For Q∞ and QH models, these
control responses express the reflectivity of PP (Fig. 3b), having a polarity reversal
at 10◦ incidence and increasing wavelet amplitudes up to 50◦ incidence; the control15

response for QL is somewhat distorted given the strong Q-contrast across the glacier
bed interface, and the polarity reversal is shifted to ∼25◦ incidence.
Q∞ and QH responses appear very similar. Only for the thickest layers of dilatant

till (hd > 2.0 m) can the characteristics of PP be resolved whereas, for thinner layers,
no polarity reversal is apparent and stronger reflectivity is observed across the first 30◦

20

of incidence. QL responses show characteristics of PP throughout since the strong
subglacial attenuation suppresses the other reflections, and the polarity reversal is
clear for all but the thinnest layer cases.

For hd =0.1 m, all reflections arrive within 3.4 ms of PP hence all contribute to the
composite AVA response. However, where hd ≥ 1.0 m, any arrival that features an S-25

wave mode conversion is delayed from PP by more than 3.4 ms, hence the composite
AVA response is dominated by P-wave reflectivity alone. Furthermore, since the reflec-
tivity of P-wave intrabed multiples is negligible, the composite response is principally a
hybrid of PP and PPPP until the thin-layer can be resolved.
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3.4 Composite AVA curves

The composite AVA curves derived from all modelled data are shown in Fig. 5 (upper
and lower rows showing [hd <λ/8] and [λ/8≤hd ≤ λ/4], respectively; effective reflectiv-
ities of PP and PPPP are also shown, for reference). Amplitudes of synthetic wavelets
are picked at the absolute maximum of the first identifiable half-cycle (grey triangles in5

Fig. 4; note that these are low since we impose the smallest likely acoustic impedance
contrast, (0.08 kg m−2 s−1), between the ice and dilatant till given the ranges in Peters
et al., 2008). The composite R(0) was obtained by comparing each zero-incidence am-
plitude to its equivalent in the control model, in which R(0) is explicitly known (i.e. from
substituting Z for ice and dilatant till into Eq. 1). Since wavelet amplitude scales linearly10

with reflection coefficient, the ratio of amplitudes is equivalent to the ratio of reflection
coefficients.

Again, there is a strong similarity between Q∞ and QH AVA responses (5a and b).
For hd < 1.0 m, these show a positive AVA gradient for the first 40◦ incidence, and
R(0) close to that of PPPP. Equivalent curves for hd ≤2.5 m show similar responses to15

PP, consistent with the thin layer becoming resolved; however, the maximum observed
reflectivity never reaches that of PP since we consider only the vertical component
of the seismic wavelet (as incidence angle tends towards horizontal, an increasing
proportion of P-wave particle motion is in the radial direction). More complex responses
are observed as hd approaches and exceeds λ/8 (i.e. between 1.0 and 2.0 m), which20

feature an abrupt switch in AVA gradient at ∼10◦ incidence and an approximation to
the reflectivity of PP thereafter. The position of the switch is clearly similar to that of
polarity reversal in PP, and the increased reflectivity observed at θ <10◦ is attributed to
interference between PP and PPPP; an S-wave explanation is rejected because PSSP
has low reflectivity at small incidence angles.25

QL responses (Fig. 5c) are markedly different; consistent with observations in Fig. 4c,
each curve approximates the general form of PP albeit shifted towards more-negative
reflectivity. Interference effects in these models differ strongly from the previous mod-
els, given the extreme attenuation in the till.
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We now revisit the AVA cross-plot (Fig. 5d), showing how composite AVA reflectiv-
ity varies from model to model. Best-fit Shuey terms are derived for each model, for
incidence angles from 0–30◦ (for comparison, examples from Fig. 1c and the effective
reflectivity of PP and PPPP are also shown); error bars show the standard uncer-
tainties in the linear regression. The difference between best-fit terms to QL (green)5

models, and those to Q∞ (blue) and QH (red), is again striking. QL models progres-
sively drift from PP with increasing hd, although that drift is principally in the A-direction
implying that AVA gradients are similar and the biggest change is in R(0). For Q∞ and
QH, where hd < λ/8, best-fit terms plot between those of PP and PPPP; as hd ap-
proaches and exceeds λ/8, these drift to more-positive A and more-negative B (note10

that the uncertainty in the fit also grows, given the gradient switch within the first 30◦

of incidence). Finally, as hd approaches λ/4, the thin layer starts to be resolved and A
and B move closer to those of PP. We next consider these observations in terms of
their implications for glaciological interpretation.

4 Glaciological interpretation of thin layer responses15

Seismic AVA interpretation of a till unit is clearly sensitive to changes in its overall
composition, but also to the thickness of overlying dilatant layers and the attenuation
regime. The key issue for interpretation is that the composite response to a stratified
till deposit can resemble a geophysically plausible response to a single interface, and
hence may be misdiagnosed as such.20

Table 3 shows the scale of such a misinterpretation for the acoustic impedances and
Poisson’s ratios, as modelled with in the previous sections. For acoustic impedance,
Eq. (1) is rearranged for Zj and, by substituting observed R(0) values and the known
acoustic impedance for ice, we calculate the apparent acoustic impedance, Zapp, of a
single substrate layer. Zapp is then compared to model acoustic impedances of both the25

dilatant and lodged till layers, to assess which are best-represented. For Poisson’s ra-
tio, a grid-search is performed by substituting trial parameters into the Knott-Zoeppritz
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equations, to establish the best-fit curve to each composite AVA response. The corre-
sponding seismic velocities are then used to define an apparent Poisson’s ratio, σapp.
Clearly, the apparent properties are not always suggestive of either dilatant or lodged
till, and the following discussion considers the cases where they can be recovered.

4.1 Q∞ and QH models5

For the less attenuating models, for the thickest hd (≤2.5 m) cases, AVA responses
accurately express both Zapp and σapp of the dilatant till since PP can be resolved from
PPPP. The intermediate layer thicknesses (hd between 1.0 and 2.5 m) yield better ap-
proximations of the Poisson’s ratio of dilatant till, but acoustic impedance is not clearly
diagnostic of either till. However, the AVA responses associated with these geometries10

are obviously more complex than those from single interfaces and would therefore not
be interpreted as such.

The interpretative risk is most significant for the ultra-thin hd geometries (<1.0 m),
since their plausible AVA curves yield Zapp similar to that of the underlying lodged till
(within ∼±2 %) but σapp more representative of the dilatant till (within −10 %). If we15

used single-interface AVA analysis (i.e. ignoring thin layer effects), we would conclude
that the glacier was underlain by a lodged till with a high Poisson’s ratio. However,
in a glaciological context, these are mutually inconsistent conclusions compared to
published examples of till substrates (e.g. Smith et al., 1997; Vaughan et al., 2003).
Invoking a thin layer approach can resolve this incompatibility: we propose the following20

strategy for characterising the substrate in these cases.
In Fig. 5c, the best-fit Shuey terms for the ultra-thin geometries plotted between

those of PP and PPPP, suggesting the composite A and B values somehow aver-
age those of the model. Measuring zero-incidence reflectivities from Fig. 5a and b
shows that the observed values approximate the sum of the effective zero-incidence25

reflectivity at the two model interfaces (−0.011 and +0.066 at the ice-till and internal-
till interfaces, respectively, with a sum of +0.055). This approximation is very good
for Q∞ models where, for hd of 0.1 m, 0.3 m and 0.5 m, the apparent zero-incidence
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reflectivity, Rapp(0) is +0.055, +0.054 and +0.056 respectively (Fig. 5a). The ap-
proximation is somewhat worse for QH models, given the increased attenuation, and
equivalent Rapp(0) values are +0.045, +0.043 and +0.046 respectively (Fig. 5b). How-
ever, with measured (or reference) acoustic impedances for ice and dilatant till (Zdilatant,
here=3.90×106 kg m−2 s−1), Rapp(0) can be decomposed into contributions from the5

ice-till and internal-till interfaces:

Rapp(0)=R1(0)+ [1−R1(0)]2R2(0) (4)

=R1(0)+ [1−R1(0)]2
zlodged−zdilatant

zlodged−zdilatant
, (5)

where R1(0) and R2(0) are, respectively, the effective zero-incidence reflectivities of
the ice-till (−0.011) and internal-till (+0.066) interfaces, and Zlodged is the acoustic10

impedance of the underlying lodged till. Rearranging for Zlodged therefore gives:

zlodged =
zdilatant[(Rapp(0)−R1(0))+[1−R1(0)]2]

[1−R1(0)]2−
(
Rapp(0)−R1(0)

) . (6)

When substituted into Eq. (5), the apparent reflectivities from the ultra-thin Q∞ models
deliver Zlodged with negligible error; the equivalent values from the QH models, with hd

of 0.1 m, 0.3 m and 0.5 m, yield Zlodged of 3.81×106 kg m−2 s−1, 3.80×106 kg m−2 s−1
15

and 3.82×106 kg m−2 s−1 (errors of −2.31 %, −2.56 % and −2.05 %) respectively. The
acoustic impedance of the lodged till is therefore well-characterised despite the higher
attenuation losses.

The Poisson’s ratios for the two layers are less easily decomposed, although it is
clear that composite response suggests σapp much-closer to that of the dilatant till. At20

this stage of analysis, we simply recommend stipulating that the Poisson’s ratio implied
by the composite response is the lower limit of that of the dilatant till layer.
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4.2 QL models

Responses to QL models clearly represent the Poisson’s ratio of the dilatant till (within
∼6 %), although the apparent acoustic impedance corresponds neither to dilatant nor
lodged till; furthermore, Zapp is biased to increasingly small values even as hd ap-
proaches its resolvable threshold, suggesting an influence of Q-based reflectivity (Ode-5

beatu et al., 2006; Morozov, 2011). However, improving the understanding of Q con-
tributions requires better constraint of the attenuation characteristics of subglacial till,
rather than the sea-floor analogue we impose at this stage. Nonetheless, it appears
that there is never the risk that dilatant till could be misdiagnosed as lodged till in the
case of extreme attenuation, although the physical properties assigned thereafter may10

be inaccurate. The interpretative problem is instead that the thickness of the dilatant till
layer could be over-estimated, with dilatant characteristics assigned through the whole
depth of the till deposit.

5 Application to real data

We now consider thin layer effects in the AVA analysis of actual seismic data, acquired15

on the Russell Glacier outlet of the West Greenland ice sheet (∼70 km inland of its
western margin) during summer 2010. At the position of the AVA analysis, the ice is
1.08±0.01 km (vP =3800±40 ms−1) thick and the bed reflection is planar over ∼750 m
with an in-line dip less than 3◦.

Figure 6a shows a representative shot gather (one of 46) from this acquisition (note:20

a shot gather is presented since our CMP gathers comprised 6 traces only; nonethe-
less, each reflection point is within the range of the bed used in the following AVA
analysis). Sources were 250 g Pentex charges, installed along the line, at ∼3 m depth,
at 80 m intervals, and data were recorded with a Geometrics GEODE system at
48 concrete-mounted, 100 Hz, vertical-component geophones installed at 10 m inter-25

vals. As in Fig. 4, trace amplitudes are scaled for geometric spreading and attenuation

774

http://www.the-cryosphere-discuss.net
http://www.the-cryosphere-discuss.net/6/759/2012/tcd-6-759-2012-print.pdf
http://www.the-cryosphere-discuss.net/6/759/2012/tcd-6-759-2012-discussion.html
http://creativecommons.org/licenses/by/3.0/


TCD
6, 759–792, 2012

Glaciological seismic
amplitude-versus-

angle (AVA)
analysis

A. D. Booth et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

losses (QP =436±140, as measured using spectral ratios between primary and multi-
ple arrivals; Dasgupta and Clark, 1998; Gusmeroli et al., 2010); further data processing
involves the removal of a 25 ms detonator delay, and bandpass filtering to enhance sig-
nals within the useful wavelet bandwidth (centred on 150 Hz). For the measured ice
thickness and vP (assumed constant), the 400 m offset range of this record corresponds5

to an incidence range of 6–17◦ at the glacier bed. For these angles, and elsewhere in
the record (up to a maximum incidence angle of ∼23◦), the basal reflection shows
no polarity reversal, immediately excluding a dilatant till substrate in a conventional
(i.e. neglecting thin layers) AVA analysis.

An AVA response is derived across a 300 m wide section of the glacier bed10

(Fig. 6b); although this produces a spatially-averaged basal reflectivity, our wavelets
have a Fresnel zone (Lindsey, 1989) of 165 m, hence the range of this averaging does
not greatly exceed the intrinsic resolution in our seismic data. The signal-to-noise ratio
of the response is enhanced further by averaging bed reflectivity in 1◦ incidence angle
bins (Peters et al., 2008), with error bars spanning the interquartile range of the re-15

flectivity and incidence angle within each bin (Booth et al., 2011; key sources of error
are coupling variability and the uncertainty in vP, ice thickness and QP). The measure-
ment of zero-incidence reflectivity followed the method of King et al. (2003), in which
the amplitude of primary and multiple reflections are compared for a 0–10◦ incidence
range.20

The AVA response shows both positive R(0) and gradient; accordingly, both A and B
in the Shuey best-fit linearisation are also positive (cross-plotted in Fig. 10c; previous
examples and models also included). The best-fit Knott Zoeppritz curve through the
AVA response (established from a grid-search with ice properties fixed at vP, vS and
density of 3800±40 ms−1, 1898±40 ms−1 and 920 kg m−3, respectively) suggests the25

substrate has acoustic impedance of [4.37±0.05] x 106 kg m−2 s−1 and Poisson’s ratio
of 0.492±0.015. The acoustic impedance is therefore indicative of a low-porosity,
unlithified till (Vaughan et al., 2003), but this is contradicted by the Poisson’s ratio
which implies a dilatant, water-rich, till (Gercek, 2007; Peters et al., 2008). These
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observations suggest that the AVA response is a thin layer composite, and hence that
the substrate is a layered till unit. We therefore reinterpret these data as such, with
reference to previous models.

There is a striking similarity between the real-data AVA response and those of
the ultra-thin geometries in the Q∞ and QH models (cf. Fig. 5a, b with 6b ,c). Ex-5

ploiting this similarity, the dilatant till is assumed to have a maximum thickness of
1.0 m and attenuation to be less than that in the QL simulations; we then interpret
the AVA response using Eq. (5), to predict the likely acoustic impedance of the un-
derlying layer. Figure 6b shows Rapp(0)=+0.1163. We use reference values of
the acoustic impedance of dilatant till as provided by Vaughan et al. (2003), specif-10

ically Zdilatant =3.0–3.4×106 kg m−2 s−1, and, with measured ice properties, obtain
the range of R1(0) from −0.076 to −0.014. On substituting these quantities into
Eq. (5), we predict that the acoustic impedance of the underlying layer is between
4.20–4.39×106 kg m−2 s−1, suggestive of a low-porosity, lodged till unit (Vaughan et
al. 2003). The minimum Poisson’s ratio of the dilatant till is 0.492±0.015, which ap-15

proaches the theoretical limit of σ and therefore indicates a highly water-rich layer.

6 Discussion and implications

Our observations facilitate a greater degree of complexity in the interpretation of glacio-
logical AVA responses. Although our interpretation is based on qualitative similarities
to model outputs, a meaningful numerical inversion would require measurement or as-20

sumption of additional properties, particularly QP and QS for subglacial till (and glacier
ice in the latter case). We acknowledge that we assume homogenous and isotropic
layer properties throughout, having measured both vP and QP from depth-averaged
observations (in the former case, by pre-stack migration velocity analysis (Sheriff and
Geldart, 1999; Bradford et al., 2009)). Research has shown detectable englacial veloc-25

ity and attenuation contrasts that correspond to changes in ice temperature (Kohnen,
1974; Peters and Anandakrishnan, 2010) and/or crystal orientation (Horgan et al.,

776

http://www.the-cryosphere-discuss.net
http://www.the-cryosphere-discuss.net/6/759/2012/tcd-6-759-2012-print.pdf
http://www.the-cryosphere-discuss.net/6/759/2012/tcd-6-759-2012-discussion.html
http://creativecommons.org/licenses/by/3.0/


TCD
6, 759–792, 2012

Glaciological seismic
amplitude-versus-

angle (AVA)
analysis

A. D. Booth et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

2008), the latter of which may give rise to anisotropy thereby complicating AVA in-
terpretation (e.g. Tsvankin, 2001). However, we consider that initial recognition of thin
layer issues provides a significant improvement over a conventional interpretation ap-
proach. Alternative quantitative approaches to deriving the actual thickness of the thin
layer include spectral and/or cepstral relationships (e.g. Hall, 2006; Rubino and Velis,5

2009) but these typically require higher signal-to-noise ratio than is present in our data.
While seismic methods are clearly able to quantify the physical properties of in situ

subglacial material, care is required to ensure that subtle variations in those proper-
ties are not misinterpreted and the potential for thin layer effects should be recognised.
This is particularly relevant where the interpretation is supplied to predictive models10

of glacier flow, given the sensitive relationship between the substrate of a glacier and
its flow regime (Pattyn, 1996; Truffer et al., 2001; Pimentel et al., 2011; Sergienko
and Hulbe, 2011). For a glacier underlain by (and potentially frozen to) bedrock, thin
layer issues are less significant since the substrate is unlikely to be strongly stratified.
Likewise, they are irrelevant in AVA studies of subglacial lakes (Peters et al., 2008), pro-15

vided that the free-water thickness exceeds the quarter-wavelength limit of resolution.
Thin layer considerations are strongly recommended, however, where AVA methods

are used to characterise subglacial till, and particularly when used to identify local,
lateral, changes in till properties (e.g. Peters et al., 2007; Smith et al., 2007). For ex-
ample, Peters et al. (2007) use AVA methods to interpret the stiffness of a 5–20 m thick20

till unit beneath Bindschadler Ice Stream (BIS), West Antarctica. The theoretical limit
of resolution of their wavelet is 5 m, hence reflections from the interfaces of the till unit
can be resolved throughout, and no thin layer considerations are made. Basal AVA re-
sponses indicate discrete, kilometre-scale, lateral variations (150 ms−1, 800 ms−1 and
150 kg m−3 in vP, vS and density, respectively) in till properties, which are interpreted as25

“cycles” (transitions) between wet and stiff till regimes. Thin layer considerations offer
an alternate interpretation, that BIS is underlain by a stratified till unit, composed princi-
pally of stiff till but with a wet till “cap”, and the seismic variability is explained by lateral
variations in the thickness (from 0 to 5 m) of the latter. These interpretations represent
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end-member arguments: neglecting thin layers accommodates all of the seismic vari-
ability in a lateral change in till composition, whereas invoking thin layers attributes that
variability to a lateral change in stratification. Whilst an explanation in terms of later
variation only is possible, we suggest that our modified interpretation is more consis-
tent with recent observations of stratifications in subglacial tills, in which deformation is5

restricted to an upper, dilatant layer of metre-scale thickness (Piotrowski et al., 2004;
Evans et al., 2006; Iverson et al., 2011; Reinardy et al., 2011).

7 Conclusions

Seismic AVA analysis is a powerful method for quantifying the physical properties of
subglacial material, although serious misinterpretations can result when applied over10

layered substrates. Here, we have shown how thin layer effects manifest themselves in
glaciological AVA responses, and how they can then be interpreted in terms of the thick-
ness, acoustic impedance and Poisson’s ratio of the subglacial material. The recog-
nition of thin layer AVA issues is a major step forward in improving the potential to
image and characterise the subglacial environment, a key aspect given the importance15

of subglacial processes in predictive ice flow models. We would therefore recommend
that thin layer analyses form a routine part of AVA investigations, particularly where
stratified subglacial deposits are anticipated.
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doi:10.3189/002214310791968485, 2010.

Hall, M.: Predicting bed thickness with cepstral decomposition, The Leading Edge, 25, 199–
204, 2006.15

Horgan, H. W., Anandakrishnan, S., Alley, R. B., Peters, L. E., Tsoflias, G. P., Voigt, D. E., and
Winberry, J. P.: Complex fabric development revealed by englacial seismic reflectivity: Jakob-
shavn Isbræ, Greenland, Geophys. Res. Lett., 35, L10501, doi:10.1029/2008GL033712,
2008.

Iverson, N. R.: Shear resistance of subglacial till: hydrology rules, J. Glaciol., 56, 1104–1114,20

doi:10.3189/002214311796406220, 2011.
Iverson, N. R., Jansson, O., and Hooke, R. LeB.: In situ measurements of the strength of

deforming subglacial till, J. Glaciol., 40, 497–503, 1994.
Iverson, N. R., Hoover, T. S., and Baker, R. W.: Ring-shear studies of till deformation: Coulomb-

plastic behaviour and disturbed strain in glacier beds, J. Glaciol., 44, 634–642, 1998.25

Kennet, B. L. N.: Seismic wave propagation in stratified media, Cambridge University Press,
1983.

Kennet, B. L. N. and Kerry, H. J.: Seismic waves in a stratified half-space, Geophys. J. Roy.
Astr. Soc., 57, 557–583, 1979.

King, E. C., Smith, A. M., Murray, T., and Stuart, G. W.: Glacier-bed characteristics of midtre30
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Table 1. Model properties for example AVA curves in Fig. 1. In Fig. 1a, Poisson’s ratio (ν)
is fixed at 0.4; in Fig. 1b, acoustic impedance (Z) is fixed at 3.3×106 kg m−2 s−1. Acous-
tic impedance for ice, bedrock and water are 3.5×106 kg m−2 s−1, 14.0×106 kg m−2 s−1 and
1.5×106 kg m−2 s−1 respectively; corresponding Poisson’s ratios are 0.333, 0.296 and 0.500
(e.g. Peters et al., 2008).

Fig. 1a; Fig. 1b;

Model ν fixed at 0.4 Z fixed at 3.3×106 kg m−2 s−1

Z (x 106 kg m−2 s−1) ν (dimensionless)

i 3.0 0.1
ii 3.5 0.2
iii 4.0 0.3
iv 4.5 0.4
v 5.0 0.5 (water; theoretical maximum)
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Table 2. Ice and till properties as used in SKB2 forward-modelling of seismic data. Ice prop-
erties are fixed throughout, and three pairs of quality factors (Q∞, QH and QL) are assumed for
the subglacial till. Eight thicknesses of dilatant till are simulated, giving a total of 24 synthetic
seismic responses.

Quantity ICE DILATANT TILL LODGED TILL

thickness (m) 1000 0.1, 0.3, 0.5, 1.0, halfspace
1.5, 2.0, 2.5, 3.0

vP (m s−1) 3800 1800 1950
vS (m s−1) 1900 200 1000

density (kg m−3) 920 1900 2000
acoustic impedance 3.50 3.42 3.90
(x 106 kg m−2 s−1)

Poisson’s ratio 0.333 0.494 0.322

P-wave quality factor

Q∞
430

104 104

QH 115 115
QL 15 15

S-wave quality factor

Q∞
430

104 104

QH 42 42
QL 8 8
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Table 3. Apparent acoustic impedance, Zapp, and Poisson’s ratio, σapp, as measured from
Fig. 5 if reflectivity was allocated to a single till layer. dZ and dσ show the error between
observed and model properties.

hd (m)

Q∞ QH QL

Zapp ×106 dZ (%) dZ (%) Zapp ×106 dZ (%) dZ (%) Zapp ×106 dZ (%) dZ (%)
kg m−2 s1 (dilatant) (lodged) kg m−2 s1 (dilatant) (lodged) kg m−2 s1 (dilatant) (lodged)

0.1 3.90 +14.0 +0.0 3.82 +11.7 −2.1 3.17 −7.3 −18.7
0.3 3.89 +13.7 −0.3 3.81 +11.4 −2.3 3.26 −4.7 −16.4
0.5 3.91 +14.3 +0.3 3.83 +12.0 −1.8 3.23 −5.6 −17.2
1.0 4.02 +17.5 +3.1 4.04 +18.1 +3.6 3.09 −9.6 −20.8
1.5 4.18 +22.2 +7.2 4.37 +27.8 +12.1 3.03 −11.4 −22.3
2.0 4.35 +27.2 +11.5 4.65 +36.0 +19.2 2.97 −13.2 −23.8
2.5 3.47 +1.5 −11.0 3.42 +0.0 −12.3 2.94 −14.0 −24.6
3.0 3.46 +1.2 −11.3 3.40 −0.6 −12.8 2.91 −14.9 −25.4

σapp dσ (%) dσ (%) σapp dσ (%) dσ (%) σapp dσ (%) dσ (%)
(dilatant) (lodged) (dilatant) (lodged) (dilatant) (lodged)

0.1 0.424 −14.2 +31.6 0.422 −14.6 +31.1 0.464 −6.1 +44.1
0.3 0.442 −10.5 +37.3 0.455 −7.9 +41.3 0.474 −4.0 +47.2
0.5 0.456 −7.7 +41.6 0.456 −7.7 +41.6 0.474 −4.0 +47.2
1.0 0.456 −7.7 +41.6 0.461 −6.7 +43.2 0.482 −2.4 +49.7
1.5 0.458 −7.3 +42.2 0.460 −6.9 +42.9 0.478 −3.2 +48.4
2.0 0.462 −6.5 +43.5 0.458 −7.3 +42.2 0.473 −4.3 +46.9
2.5 0.470 −4.9 +46.0 0.485 −1.8 +50.6 0.482 −2.4 +49.7
3.0 0.470 −4.9 +46.0 0.485 −1.8 +50.6 0.477 −3.4 +48.1
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Fig. 1. Example amplitude versus angle (AVA) responses for glacier beds overlying till units
with acoustic impedance and Poissons ratio as specific in Table 1. (a) Acoustic impedance
is varied, while Poissons ratio is fixed. (b) Poissons ratio is varied while acoustic impedance
is fixed. Black curves denote example cases of ice-water and ice-rock interfaces (the latter
undergoing critical refraction at ∼47◦). (c) AVA cross-plot of best-fit Shuey terms. Blue crosses
plot data from (a), red circles plot data from (b). Black curves and symbols show reference
models of ice-water and ice-bedrock interfaces. Best-fit terms are calculated only for the first
30◦ of incidence (grey shading in a and b).
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Fig. 2. Nomenclature and schematic representation of raypaths considered in modelling. Line
colours and styles are equivalent to those in successive figures. Raypath (a) is the basal ice
reflection (black), (b–d) comprise P-wave propagation along the whole travel-path (blue), (e–g)
have S-wave mode conversions within the dilatant till (red), and (h) and (i) convert between S-
and P-wave modes within the dilatant till (green).

788

http://www.the-cryosphere-discuss.net
http://www.the-cryosphere-discuss.net/6/759/2012/tcd-6-759-2012-print.pdf
http://www.the-cryosphere-discuss.net/6/759/2012/tcd-6-759-2012-discussion.html
http://creativecommons.org/licenses/by/3.0/


TCD
6, 759–792, 2012

Glaciological seismic
amplitude-versus-

angle (AVA)
analysis

A. D. Booth et al.

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Printer-friendly Version

Interactive Discussion

D
iscussion

P
aper

|
D

iscussion
P

aper
|

D
iscussion

P
aper

|
D

iscussion
P

aper
|

Fig. 3. Travel-time and effective reflectivity for model raypaths, as introduced in Fig. 2. (a) Ray-
traced travel-times expressed, for clarity, as a lag behind PP . Raypaths that arrive after a lag
of 3.4 ms (grey shading) cannot contribute to the composite reflectivity. (b) Effective reflectivity
of reflections in (a). Raypaths that feature intrabed P-wave multiples have negligible reflectivity.
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Fig. 4. Synthetic seismic responses to thin layers of varying hd (from 0.1 to 3.0 m) for (a) Q∞
(b) QH and (c) QL attenuation models. Traces are non-stretch NMO corrected, and amplitudes
are corrected for attenuation losses and geometric spreading; ray-traced travel-time models
are included, and the grey-shading shows the threshold of interference. Control responses
show reflections from ice overlying a dilatant till half-space. Grey triangles show the location of
amplitude picks used to generate AVA curves in Fig. 5.
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Fig. 5. AVA responses for Q∞, QH and QL seismic (a, b and c, respectively; upper row shows
hd <λ/8, lower row shows λ/8≤hd ≤ λ/4). Grey curves show effective reflectivities for PP and
PPPP , for reference. Picking is ambiguous in QL responses close to polarity reversals hence
picks are omitted. (d) AVA cross-plot for reflectivities in (a–c). For reference, the example
models from Fig. 1c are also plotted (light grey).
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Fig. 6. AVA analysis of real data. from Russell Glacier, Greenland. (a) Representative seismic
record; the basal reflection exhibits no polarity reversal across the offset range. (b) AVA re-
sponse of the basal reflection. Implied acoustic impedance is suggestive of lodged till, whereas
Poissons ratio suggests dilatant till. (c) AVA cross-plot showing the characteristics of real data
(red) compared to reference reflectivties (black) and model responses in Fig. 5 (light grey).
Note that the error in A is negligible.
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