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Abstract. The description of snow microstructure in microwave modelsis often simplified to facili-

tate electromagnetic calculations. Within dense media radiative transfer (DMRT), the microstructure

is commonly described by sticky hard spheres (SHS). An objective mapping of real snow onto SHS

is however missing which prevents to use measured input parameters for DMRT. In contrast, the

microwave emission model of layered snowpacks (MEMLS) employs a conceptually different ap-5

proach, based on the two-point correlation function which is accessible by tomography. Here we

show the equivalence of both electromagnetic approaches byreformulating their microstructural

models in a common framework. Using analytical results for the two-point correlation function of

hard spheres we show that the scattering coefficient in both models only differs by a factor which

is close to unity, weakly dependent on ice volume fraction and independent of other microstructural10

details. Additionally, our analysis provides an objectiveretrieval method for the SHS parameters

(diameter and stickiness) from tomography images. For a comprehensive data set we demonstrate

the variability of stickiness and compare the SHS diameter to the optical equivalent diameter. Our

results confirm the necessity of a large grain-size scaling when relating both diameters in the non-

sticky case, as previously suggested by several authors.15

1 Introduction

Microwave modeling of snow is commonly addressed within multi-layer approaches to account for

the vertical layer structure of a snowpack. Examples are HUT(Pulliainen et al., 1999), MEMLS

(Wiesmann and Mätzler, 1999; Mätzler and Wiesmann, 1999), DMRT-ML (Picard et al., 2013), and

DMRT-QMS (Chang et al., 2014). A similarity of the models is their common approach of apply-20
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ing a one-dimensional radiative transfer scheme to a layered medium. Each layer is assumed to be

a statistically homogeneous chunk of snow, in which electromagnetic properties, such as effective

permittivity, scattering and absorption coefficient, phase function, are determined by the microstruc-

ture. However, the models differ significantly in both aspects, the calculation of the solution of the

radiative transfer equation and the relation between snow microstructure and the electromagnetic25

properties, respectively. In-depth comparisons of microwave models are hampered by these funda-

mental differences which remain a source of uncertainty (Tedesco and Kim, 2006). The differences

in the representation of snow microstructure led to an open discussion about the appropriate choice of

structural metrics for microwave modeling (Brucker et al.,2010). Given the crucial role of a “grain

size” for scattering in snow, the difficulties in comparing different metrics of “grain size” strongly30

hinder necessary developments to improve current retrieval schemes (Rott et al., 2010).

Electromagnetic properties of single snow layers can be theoretically obtained by homogeniza-

tion methods, if snow is treated as a random, two-phase medium which is statistically homogeneous.

MEMLS is based on the improved Born approximation (IBA) (Mätzler, 1998) which expresses the

scattering coefficient in terms of the Fourier transform of the two-point correlation function. The35

characterization of the structure in terms of the two-pointcorrelation functionC(r) is appealing

for random materials, since it naturally emerges in rigorous approaches to effective material prop-

erties (Torquato, 2002). The connection betweenC(r) and the scattering coefficient dates back to

the seminal work by Debye and Bueche (1949), considering general aspects of scattering in random

materials. From that perspective, the microstructure representation in IBA appears to be generic.40

Practically, however, entire correlation functions can hardly be used as “parameters” and further

simplifications are commonly required. In MEMLS, IBA is evaluated by assuming an exponential

functional form for the correlation function (Debye et al.,1957). As an advantage of this simplifica-

tion, the microstructure model reduces to a single parameter, the exponential correlation length. This

parameter can be conveniently fitted from micro-computed tomography (µCT) data (Löwe et al.,45

2013). Though an exponential correlation function is a reasonable first guess, in particular for depth

hoar (Mätzler, 2002), the validity of a single length scale approach for snow must be generally

questioned (Löwe et al., 2011). In addition, a rapid retrieval of the exponential correlation length

from field measurements is still difficult, only one method was hitherto put forward by Proksch et al.

(2015). It is not even clear that 3D microstructures with an exponential correlation function actu-50

ally exist, and how realizations of such a medium can be generated (Yeong and Torquato, 1998).

Generating realizations of a microstructure is however mandatory to compute the scattering from

numerical solutions of Maxwell’s equations in order to testthe IBA assumptions.

Advantages and disadvantages of IBA have to be discussed at eye level of those inherent to another

electromagnetic approach to scattering in snow, namely dense media radiative transfer (DMRT).55

Originally DMRT was developed for random media consisting of spheres or spheroids. Sphere mod-

els are attractive from various perspectives. First, the scattering coefficient of sphere assemblies can
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be calculated analytically in various approximation schemes, such as the quasi-crystalline approx-

imation (QCA), which can be optionally improved by the so-called coherent potential (QCA-CP)

(Tsang and Kong, 2001b, Ch. 5). Second, microstructure realizations of spheres can be readily gen-60

erated to compute the numerical solutions of Maxwell’s equations (Xu et al., 2010). Third, sphere

models were successfully used for optical properties of snow for a long time (Warren, 1982). An

equivalent sphere can always be defined from the specific surface area (SSA) via the optical equiv-

alent diameter. In addition, the SSA can be rapidly measuredin the field by various techniques

(Matzl and Schneebeli, 2006; Painter et al., 2007; Gallet etal., 2009; Arnaud et al., 2011). However,65

even for a hypothetical material consisting of perfect spheres, the sphere diameter and the volume

fraction do not characterize the medium completely. Relevant for the scattering of waves are the

relative positions of the spheres which determine the relative phases in the superposition of the scat-

tered waves from individual scatterers. Of special importance for snow is the sticky hard sphere

(SHS) model due to its ability to change relative particle positions while leaving diameter and vol-70

ume fraction constant. SHS were introduced in the context ofmolecular fluids (Baxter, 1968) and

consist of spherical particles interacting via hard-core repulsion and an attractive surface adhesion.

In the thermodynamic framework, this competition of attractive and repulsive forces gives rise to

a minimal model for a liquid-gas phase transition. For otherapplications it is appealing to use the

thermodynamic equilibrium states for the particle positions as a means to generate microstructures75

with interesting structural properties: The contact adhesion, which is inversely proportional to the so

called stickiness parameterτ (Baxter, 1968), gives rise to clustering of the spheres. Therelevance of

clustering can be directly observed for some snow types, e.g. clustered rounded grains (Fierz et al.,

2009). For other snow types the strength of the adhesion mustbe regarded as a parametric approach

to subsume effects of sintering which causes ice crystals tobe sticky. The relevance of sticking and80

the implication on structural properties for new snow has been demonstrated by Löwe et al. (2007).

The potential of stickiness for snow microwave modeling to account for relevant length scales be-

yond a “grain size” was first motivated for DMRT by Tsang et al.(2007).

Objective means to estimate the stickiness parameter for a given snow sample are hitherto miss-

ing. However, simply resorting to the non-sticky case causes other difficulties. Recent DMRT-based85

microwave emission modeling (Brucker et al., 2010; Roy et al., 2013; Dupont et al., 2014) and com-

parison with measurements indicate that the measured optical equivalent diameter can only be used

directly as input, if either a “grain size scaling” (with a factor ranging from one to three) is introduced

in the non-sticky case or if the stickiness is used as a free, unknown parameter (Roy et al., 2013).

This issue could not be further investigated as long the stickiness parameterτ remains inaccessible90

from field measurements. In the absence of objective parameter estimates, a single value is com-

monly used for all snow types in the simulations (Picard et al., 2013; Tsang et al., 2007), although

a large sensitivity of scattering properties onτ was acknowledged. Due to the lack of interpreta-

tion of stickiness for snow, attempts to intercompare DMRT-ML with MEMLS such as (Tian et al.,
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2010) remain challenging, since different microstructural models are in fact used in the respective95

microwave models.

It is the aim of the present paper to advance the understanding of microstructural models in differ-

ent electromagnetic models for microwave modeling of snow by establishing a rigorous link between

the scattering formulations used in DMRT-ML and MEMLS. Moreprecisely, for the DMRT theory

we consider the QCA-CP approximation as used in DMRT-ML (Picard et al., 2013). For IBA, we100

follow the derivation based on the internal field factor for spherical scatterers (Mätzler, 1998) which

slightly differs from the default implementation in MEMLS that is based on an empirical factor

(Mätzler and Wiesmann, 1999). In addition, for both theories we restrict ourself to small sizes of

scatterers relative to the wavelength, which is referred toas low frequency assumption in the follow-

ing. By re-stating the scattering coefficient in both electromagnetic theories and applying established105

theoretical results for correlation functions in random media, we obtain a rigorous relation between

IBA and QCA-CP for arbitrary hard sphere models. On one hand,this yields an objective method

of estimating the stickiness parameterτ of the SHS model fromµCT images of snow. On the other

hand, the procedure allows to useexactly the same microstructural model, namely SHS, in IBA and

QCA-CP and compare the scattering coefficient quantitatively using realistic values for the parame-110

ters.

The paper is organized as follows. In section 2 we re-derive the scattering coefficient of IBA and

QCA-CP to contrast their representation of snow microstructure in terms of different correlation

functions. In section 3 we give an explicit expression for the two-point correlation function for SHS

which allows to express the IBA theory in terms of the microstructure representation traditionally115

used by DMRT. In addition, an objective retrieval method of the SHS parameters (diameter and

stickiness) from measurements of the two-point correlation function of snow is presented. In sec-

tion 4 we use existingµCT images to derive the SHS parameters and explore their behavior for

different snow types. We discuss our findings in section 5 in view of the relevance of the results

for the scattering coefficient in their host models, MEMLS and DMRT-ML. As an application of120

our work besides the microwave context, we also discuss implications of the present results in view

of discrete element modeling (DEM) of snow for mechanical applications (Johnson and Hopkins,

2005). Presently, DEM also lack efficient means to objectively reconstruct snow samples in terms of

particle models. The reconstruction of snow microstructure in terms of SHS provides a new link to

such a granular viewpoint.125

2 Scattering coefficient and relation to microstructure

2.1 Two phase media and two-point correlation functions

Random two-phase media are a natural starting point to characterize the morphology of air and ice in

snow. We consider a two-phase medium in a regionΩ where phases 1 and 2 occupy the subregions
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Ω1 ⊂ V with volumeV1 andΩ2 ⊂ V with volumeV2, respectively. Both subvolumes add up to the130

total volumeV1 +V2 = V . We assume phase 1 to be the void phase (=air) and phase 2 the inclusion

phase (=ice).

Following Torquato (2002), a single realization of the microstructure can be fully described by

the phase indicator function of either phasej = 1,2

φj(x) =





1 if x ∈ Ωj

0 otherwise
(1)135

which provides the complete information if a pointx ∈ Ω is covered by ice or air. A binary image

obtained by processingµCT data is actually a discrete form of indicator function. From a theoretical

point of view, individual realizations are not of particular interest for random media. It is rather

the statistical properties which emerge in the analytical derivation of effective physical properties.

Volume fractionsφj of either phasej = 1,2 are the simplest statistical properties which are first140

order quantities, i.e. they just contain the first moment of the indicator function

φj(x) =
1

V

∫

V

drφj(x) =
Vj

V
= φj , (2)

where volume averaging is denoted by•. Snow density is directly related toφj . In contrast, higher

order moments of the indicator function, i.e. averages of certain products ofφj(x) for j = 1,2,

characterize spatial fluctuations of the phases. The simplest moments are the two-point correlation145

functions

Sj(r) = φj(x+ r)φj(x) (3)

of either phase. A closely related, second order quantity isthe phase covariance

C(r) = S1(r)−φ2
1 = S2(r)−φ2

2 (4)

which is symmetric under exchange of ice and air. Eqs. (3) and(4) provide comparable information150

about a random field what the second moment and the variance provide for a random variable. In

practice, second order moments contain information about the size of heterogeneities at the micro-

scopic scale which can be used to define different “grain sizes” for a given microstructure.

Though snow is known to be anisotropic (Löwe et al., 2013), the IBA and QCA-CP theory only

considered isotropic correlation functions and randomly oriented snow particles up to now. In the155

following we thus focus on isotropic media whereC(r) = C(r) with r = |r|.
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2.2 Scattering coefficient in MEMLS: Improved Born approximation

2.2.1 Scattering coefficient and phase function

Below we state the governing equations for the scattering coefficient in the improved Born approxi-

mation (Mätzler, 1998). We slightly adapt the notation and terminology to establish the connection160

to DMRT.

Within the improved Born approximation the scattering coefficient is derived from the phase func-

tion (or bistatic scattering function) (Mätzler, 1998, cf.Eq. 25) which is given by

γ(k̂s, k̂i) = φ2(1−φ2)(ε2 − ε1)
2K2k40 sin

2(χ)I(|kd|) , (5)

where the dielectric constants of the two phases are denotedby ε1 andε2. The vectorŝki, k̂s are165

the propagation directions of the incident and scattered waves, respectively. The angle between the

incident electric field and the scattering directionk̂s is denoted byχ. The wavevector difference of

incoming and scattered waves is denoted bykd = keff(k̂s − k̂i) with magnitude

kd = 2keff sin(Θ/2) . (6)

Hence the angleΘ denotes the scattering angle, i.e. the angle betweenk̂s and k̂i. In Eq. (6),keff170

is the effective propagation constant of the wave in the medium which is related to the effective

dielectric constantεeff by

keff = k0ε
1/2
eff , (7)

wherek0 is the vacuum wave number. The remaining quantities in (5) tobe specified areK andI.

K denotes the mean squared magnitude ratio of incident and internal field in the ice phase. Various175

formulations forK are given by Mätzler (1998). To make contact to hard spheres later, we focus on

spherical heterogeneities, for whichK is given by

K2 =

∣∣∣∣∣
2εIBA

eff,0 + ε1

2εIBA
eff,0 + ε2

∣∣∣∣∣

2

. (8)

HereεIBA
eff,0 is an approximation to the effective dielectric constant. It represents the dielectric constant

of the effective medium in the absence of scattering in the very low frequency limit. It is assumed to180

be given by the Polder–van Santen mixing formula

εIBA
eff,0 =

2ε1− ε2+3φ2(ε2 − ε1)+

√(
2ε1− ε2+3φ2(ε2 − ε1)

)2
+8ε1ε2

4
. (9)

The most relevant quantity in (5) for the purpose of this paper is I(|kd|) which contains the entire

information about the microstructure entering the scattering coefficient in IBA. From the definition

of I(|kd|) in Mätzler (1998), we can rewrite it in terms of the Fourier transform of the correlation185
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function (4) according to

I(|kd|) =
1

4π

C̃(|kd|)

φ2(1−φ2)
. (10)

Here and throughout we use the shorthand notationf̃ to indicate the three-dimensional Fourier

transform of a functionf which is defined by

f̃(k) =

∫

R3

dxf(x)e−ix·k (11)190

which implies the inverse transformf(x) = (2π)−3
∫
R3 dkf̃(k)exp(ix ·k).

We close the section by commenting on the ambiguous notion of“particles” in the original deriva-

tion of IBA. The field ratio matrixK (Mätzler, 1998, Eq. 7) does not follow from the theory but

needs to be givena priori. As explained by Mätzler and Wiesmann (1999), it depends on snow den-

sity and grain shape, stating “The shape dependence is relatively weak; therefore, the real situation195

can be well modeled with idealized particles.” It is howeverquestionable that the signature of local

shape (K) and the correlation functionC(x) can be chosen independently, as suggested in IBA,

since both quantities are related. A potential impact of shape is however irrelevant for the present

isotropic considerations, where we chooseK corresponding to spherical particles (Mätzler, 1998,

Eq. 28) to be consistent with the DMRT description.200

2.2.2 Scattering coefficient in the low frequency limit

The scattering coefficientκIBA
s for IBA in Mätzler (1998) is obtained by integrating the phase func-

tion (5) over the scattering directionŝks, viz

κIBA
s =

1

4π

∫

4π

dΩsγ(k̂s, k̂i) . (12)

wheredΩs is the solid angle element in the scattering directionk̂s. In general, not onlysin2χ205

but alsoI(|kd|) depends on the scattering angle in Eq. (5) which requires numerical integration of

(12) as done in MEMLS. In the following, we focus on the low frequency limit which allows to

replaceI(|kd|) by I(0) in (5) as also done by Mätzler (1998). It follows, that the only dependence

of the bistatic scattering coefficient (5) on̂ks remains in the termsin2χ. Without loss of generality,

choosing a coordinate system where thez axis is aligned with the local field, the average (12) of210

sinχ yields2/3. In summary, the scattering coefficient is

κIBA
s =

2

3
k40

∣∣∣∣∣
(ε2 − ε1)(2ε

IBA
eff,0 + ε1)

(2εIBA
eff,0 + ε2)

∣∣∣∣∣

2
C̃(0)

4π
, (13)

where we used (10) to obtain an expression in terms of the correlation function.
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2.3 Particle-based media and pair correlation functions

The original versions of DMRT assume that the microstructure comprisesN discrete particles of215

given shape and size in a container of volumeV . A particular realization of the particle configuration

can be specified in terms of the particle centers{ri}i=1..N . In contrast to IBA, which describes the

microstructure in terms of the phase indicator function containing implicit information about shapes

and sizes, DMRT requires explicit information about particle shape and size of a particle at locations

{ri}. Often a fixed shape is chosen (e.g. sphere) and the size is either left constant (referred as220

monodisperse) or drawn from a probability distribution (referred as polydisperse). Thus for given

shape and size, a particular realization of the microstructure can be described by the number density

field

n(x) =

N∑

i=1

δ(x− ri) . (14)

The first moment is the mean number density225

n(x) =
1

V

∫

V

dxn(x) =
N

V
= n . (15)

From the number density field we define a second order correlation function by

c(r) = (n(x)−n)(n(x+ r)−n) (16)

which characterizes local fluctuation of the number density. The well known pair correlation function

g(r) of a particle assembly is then essentially a modified versionof Eq. (16), viz230

c(r) = n2[g(r)− 1]+nδ(r) . (17)

The structure factorS(k) is the Fourier transform of the pair correlation function and given by

S(k) = 1+n

∫

V

dr [g(r)− 1]e−ir·k . (18)

2.4 Scattering coefficient in DMRT-ML: Quasi-crystalline approximation - Coherent Poten-

tial and low frequency limit235

Several flavors of DMRT have been developed over the years (Tsang, 1992; Tsang et al., 2000,

2007; Liang et al., 2008). Here we consider dense packings ofspheres in the low frequency limit,

in accordance with the approximations made in the derivation of IBA. The response of a sphere on

an electric field is well-known. To obtain the scattering coefficient the main task is to estimate the

collective excitation of all spheres upon an incident planewave. This can be stated in terms of an240

integral equation (Tsang and Kong, 2001b, Ch. 5) which allowto compute the effective dielectric

constantεeff of the medium. In the quasi-crystalline approximation (QCA) with coherent potential

(CP) the result for the effective dielectric constant is given by

εeff = ε1 +3εeffφ2Λ(εeff)

{
1+ i

2

3
ε
3/2
eff a3Λ(εeff)S(0)

}
. (19)
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Eq. (19) is a nonlinear equation for the complex-valued effective dielectric constantεeff . It involves245

the structure factorS(k) from Eq. (18) in the low-frequency limitk → 0, the sphere radiusa and

the auxiliary function

Λ(εeff) =
ε2 − ε1

3εeff +(ε2− ε1)(1−φ2)
. (20)

Different strategies are possible to solve Eq. (19). The simplest is to replaceεeff on the r.h.s by

ε1. This approximation is known as QCA (without coherent potential) (Tsang and Kong, 2001b, Eq.250

5.3.113a). The solution strategy followed by Picard et al. (2013) is instead iterative. First, Eq. (19) is

solved in the non-scattering limit, i.e. fora= 0. This yields a quadratic equation, cf. (Tsang and Kong,

2001b, Eq. 5.3.125) or (Picard et al., 2013, Eq. (5)). We denote the solution of the equation by

εQCA−CP
eff,0 which is given by

εQCA−CP
eff,0 =

ε1 −
(ε2−ε1)

3 (1− 4φ2)+

√(
ε1 −

(ε2−ε1)
3 (1− 4φ2)

)2

+4ε1
(ε2−ε1)

3 (1−φ2)

2
. (21)255

The extinction coefficient can be derived from (19) viaκe = k0ℑ(ε
1/2
eff ). Following Tsang (1992,

Eqs. 46 and 90), the scattering coefficient is given by

κQCA−CP
s =

2

9
k40a

3φ2

∣∣∣∣∣
3εQCA−CP

eff,0 (ε2 − ε1)

3εQCA−CP
eff,0 +(ε2 − ε1)(1−φ2)

∣∣∣∣∣

2

S(0) . (22)

The expression (22) for the scattering coefficient is generic since it involves the microstructure in

terms of the structure factor at low frequencyS(0). This can be specified to arbitrary particle systems260

as long as the structure factorS(0) can be computed.

3 Link between IBA and QCA-CP

The statistical characterization of particle systems by the number density field (14) has a long tradi-

tion in the statistical physics of liquids. A comparison with Sec. 2 reveals that particle based media

and two-phase media are described by similar, though slightly different formalisms: Both are micro-265

scopically defined by a microscopic quantity characterizing the local density (local number density

(14) vs local volume fraction (1)) and moments of the microscopic quantities ((15),(16) vs (2),(3))

for the mean and fluctuations of the microscopic quantities.Differences emerge due to the mathe-

matical properties of the microscopic quantities. While inthe two-phase case, productsφj(r)
2 of

the indicator function with itself are well defined, products of the formδ(r)2 are mathematically270

meaningless. This requires some caution when computing moments.

The interrelation of the statistical description of two-phase media and particle based media in

terms of correlation functions was detailed by (Torquato and Stell, 1982). To relate the scattering

coefficient from IBA and QCA-CP, Eq. (22) and Eq. (13) respectively, we note that one is deter-

mined by the low frequency limit of the structure factorS(0) while the other is determined by the275
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low frequency limitC(0) of the Fourier transform of the correlation function. Whilethe former

is only defined for particle systems, the latter can be specified to arbitrary two-phase media. Thus

for particle-based media, both correlation functions can be defined. The pair correlation function of

the particle centers and the two-point correlation function are not independent, since knowledge of

particle positions together with the particle shape uniquely determines the spatial region which is280

covered by the particle phase (phase 2). This is exactly the information contained in the indicator

function.

3.1 Relation betweeng(r) and C(r)

The link between corresponding correlation functions was established (Torquato and Stell, 1983)

under quite general assumptions for arbitrary particle interactions. The specification of the general285

result to the case of monodisperse hard spheres can be found in Zachary and Torquato (2009, Eq.

52). In the present notation the result reads

C(r) = nvint(r,d)+n2vint(r,d) ∗ [g(r)− 1] (23)

where(∗) denotes the three dimensional convolution andvint is the volume of the intersection set

of two identical spheres with diameterd= 2a which are separated byr. The intersection volume290

(Torquato, 2002, Eq. 3.51) is given by

vint(r,d) = v(d)

(
1−

3

2

|r|

d
+

1

2

|r|3

d3

)
H(d− |r|) (24)

in terms of the Heaviside step functionH(x) and the volume of the spherev(d) = πd3/6. In view of

the scattering coefficient derivation, we take the Fourier transform of Eq. (23) and use the definition

of the structure factor (18) to obtain295

C̃(k) = nṽint(k,d)S(k) . (25)

The Fourier transform of the intersection volume (24) can bereadily computed and written in the

scaling form

ṽint(k,d) = v(d)2P (kd) (26)

with300

P (kd) =

[
3
(
sin(kd/2)− kd/2 cos(kd/2)

)

(kd/2)3

]2

(27)

andk = |k|. The functionP (kd) is known as the spherical form factor (Pedersen, 1997, Eq. 55). The

relation between Fourier transforms of the phase covariance and correlation function of the particle

assembly, given by Eq. (25), constitutes the key result to compare the scattering coefficient in IBA

and QCA-CP. In addition, this relation would allow to implement any particle-based model in IBA,305

as long as the structure factorS(0) and field ratioK are known. The relation (23) is not limited to

spheres, it can be generalized also to anisotropic particles, provided the intersection volumevint can

be computed.
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3.2 Relation between scattering coefficient in IBA and QCA-CP

By means of the fundamental relation (25) andφ2 = nv(d) we can now express the IBA scattering310

coefficient (13) in terms of the structure factor, yielding

κIBA
s =

2

9
k40a

3φ2

∣∣∣∣∣
(ε2 − ε1)(2ε

IBA
eff,0 + ε1)

(2εIBA
eff,0 + ε2)

∣∣∣∣∣

2

S(0) (28)

which is very close to the form of the QCA-CP scattering coefficient in Eq. (22). For a comparison

we definers as the ratio of the IBA and QCA-CP scattering coefficient which is given by

rs(φ2) =
κIBA
s

κQCA−CP
s

=

∣∣∣∣∣
(2εIBA

eff,0 + ε1)
(
3εQCA−CP

eff,0 +(ε2 − ε1)(1−φ2)
)

(2εIBA
eff,0 + ε2) 3ε

QCA−CP
eff,0

∣∣∣∣∣

2

. (29)315

For given phase permittivitiesε1,ε2 the ratio is only a function of the ice volume fractionφ2. The

dependence on the microstructure viaS(0) dropped out completely in (29) since both scattering co-

efficients contain exactly the same factor. The ratiors is also independent of the wavelength (except

implicitly through the dielectric constants) and varies byno more than 30% for relevant volume frac-

tions0< φ2 < 0.5 (Fig. 1). This has to be contrasted to the ratio calculated and shown in (Mätzler,320

1998, Figure 4), in which a strong influence of the volume fraction on rs is apparent. The reason

is the use of different microstructural models (overlapping spheres versus SHS) in the respective

scattering models. For completeness, we also show that the real and imaginary parts of the dielectric

constants of the effective medium in the absence of scattering of either model, Eq. (9) and Eq. (21)

in Fig. 2. The maximum relative difference between the real parts is only 1.5% and between the325

imaginary parts 8.8%.

3.3 Structure factor for sticky hard spheres

The DMRT formulation used in many DMRT-based models use the sticky hard sphere (SHS) model

to represent the position of the scatterers. In IBA it is now possible to consider the same SHS model

since the scattering coefficient (28) can be specified to an arbitrary sphere assembly as long as the330

structure factorS(0) is known. To this end we give an expression of the structure factor S(k) for

SHS and its zerok limit in order to obtain an IBA-based formulation as close aspossible to that of

DMRT. We consider the monodisperse SHS model by Baxter (1968) comprisingN point particles

at positions{ri}i=1..N in a volumeV interacting via a pair potential

U(|r|) =
1

β





∞, |r|< d

− ln

[
σ

12τ(σ− d)

]
, d < |r|< σ

0, |r|> σ

. (30)335

Hereβ is the inverse temperature and the potential consists of a hard-core repulsion, which prevents

particles from overlap at distances smaller than the spherediameterd, and a square well attraction,
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which tends to a contact adhesion force in the limitσ → d. The strength of the adhesion is propor-

tional to the inverse of the stickiness parameterτ . In the Percus–Yevick approximation, the structure

factor of SHS can be written in closed form (Tsang et al., 2001a, Eq. 8.4.19-8.4.22) in terms of the340

particle phase volume fractionφ2, the stickiness parameterτ and sphere diameterd according to

SSHS(k) = [A(X)2 +B(X)2]−1

A(X) =
φ2

1−φ2

[(
1− tφ2+

3φ2

1−φ2

)
Φ(X)+

(
3− t(1−φ2)

)
Ψ(X)

]
+cos(X)

B(X) =
φ2

1−φ2
XΦ(X)+ sin(X)

Φ(X) = 3

[
sin(X)

X3
−

cos(X)

X2

]
345

Ψ(X) =
sin(X)

X
(31)

with X = kd/2 and the parametert is given by the smallest solution of the quadratic equation

φ2

12
t2 −

(
τ +

φ2

1−φ2

)
t+

1+φ2/2

(1−φ2)2
= 0 . (32)

under the additional conditiont < (1+2φ2)/(φ2(1−φ2)) which guaranteesSSHS(0) to be positive

(Baxter, 1968; Tsang et al., 2001a). The structure factorS(k) is thus only a function of the scaling350

variablekd. Using the limiting valuesΨ(0) = Φ(0) = 1 andB(0) = 0, the low frequency limitS(0)

required for the scattering coefficient can be readily computed from (31) and is given by

S(0) =A(0)−2 =

[
(1−φ2)

2

1+ 2φ2− tφ2(1−φ2)

]2
. (33)

This is in agreement with Picard et al. (2013); Tsang and Kong(2001b) and Shih et al. (1997) The

structure factor for non-sticky hard spheres can be recovered by taking the limitτ →∞, correspond-355

ing to t→ 0, yieldingS(0) = (1−φ2)
4/(1+ 2φ2)

2.

In summary, the Fourier transform of the correlation function of sticky hard spheres can be written

as

C̃SHS(k|φ2,d,τ) = φ2 v(d)P (kd)SSHS(kd) (34)

in terms of the sphere volumev(d) = πd3/6, the spherical form factorP (kd) from (27) and the SHS360

structure factorSSHS from (31). For later purposes we made the dependence ofC̃SHS(k|φ2,d,τ) on

the involved parametersφ2,d,τ explicit.
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4 SHS analysis of snow fromµCT images

4.1 Micro-computed tomography data

For the following analysis we employ the data set ofµCT images described in Löwe et al. (2013)365

which was used therein in a different context. The entire data set comprises 167 snow samples which

are divided into several series of data: two time series of isothermal experiments (ISO-1, ISO-5), four

time series of temperature gradient metamorphism experiments (TGM-2, TGM-17, DH-1, DH-2)

and a set of 37 uncorrelated samples (DIV) comprising various snow types. A detailed characteri-

zation including the IACS international classification of seasonal snow on the ground (Fierz et al.,370

2009) of the snow samples is given in the supplement to Löwe etal. (2013). In summary, the data

sets contains 62 samples of depth hoar (DH), 54 of rounded grains (RG), 33 of faceted crystals

(FC), 10 of decomposing and fragmented precipitation particles (DF), 5 of melt forms (MF) and 3

of precipitation particles (PP).

4.2 Data processing and Fourier transform375

Computing correlation functions as convolutions ofµCT images is commonly done using Fast

Fourier transform (FFT) of the indicator function (1). Fourier transforms of the data are thus nat-

urally available.

Snow is known to be anisotropic which was explicitly analyzed for the present data set in Löwe et al.

(2013). To interpret the anisotropicµCT data in terms of the isotropic SHS model, orientational av-380

eraging of the experimental data is required. To this end we cut out maximal cubic subsets of linear

sizeL from the originalµCT images to obtain a wavevector spacing∆k = 2π/L which is indepen-

dent of coordinate direction in Fourier space. Sample sizesL of the cubic images vary from 4.8 mm

to 10.7 mm, and voxelsizeslvox from 10 to 54µm, respectively. Ana posteriori inspection will con-

firm thatL is approximately an order of magnitude larger than the optical diameter for all samples.385

The angular averagẽC(k) is obtained by radially binning the 3D Fourier transform andaveraging

over points in concentric wavevector shells. The angular averageC̃(k) constitutes the experimental

data that will be compared to the SHS modelC̃SHS(k|φ2,d,τ) from Eq. (34).

4.3 Properties of the SHS correlation function

Before turning to the parameter estimation, we illustrate the parametric behavior of̃CSHS(k|φ2,d,τ)390

for sticky hard spheres. To this end we picked one snow sampleof rounded grains and show the

experimental datãC(k) together with the best fit of the model in Fig. 3. We also indicated the

behavior for largek as a guide to the eye. The Fourier transform of the correlation function must

asymptotically decay as∼ sk−4, where the prefactors is the surface area per unit volume of the

sample (Torquato, 2002).395
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To further demonstrate the impact of the parameters(φ2, τ,d) on the SHS model̃CSHS(k|φ2,d,τ),

we additionally varied the parameters around some reference valuesd= 1, τ = 1,φ2 = 0.15 (black

dashed line in Fig. 3). One family of curves (red colors) illustrates the impact of increasing volume

fractionφ2 by plotting the curvesd= 1, τ = 1,φ2 = [0.2,0.25,0.3,0.35,0.4]. The other family of

curves (cyan colors) illustrates the impact of increasing stickinessτ−1 by plotting the curvesd=400

1, τ = [0.5,0.3,0.25,0.2,0.15],φ2 = 0.15. The dependence on sphere diameter is fully captured by

using a non-dimensionalized scaling plotC̃(k)/v(d) vskd as predicted by Eq. (34). The red and cyan

curves were multiplied by an arbitrary factor to verticallytranslate the curves for better visibility.

4.4 SHS parameter estimation for snow

Using the closed form expressioñCSHS(k|φ2,d,τ) for the correlation function from Eq. (34) we405

are now able to objectively estimate optimal SHS parametersd̂ and τ̂ for a given snow sample by

fitting the expression to the angular-averaged experimental data C̃(k). The volume fractionφ2 is

prescribed by the value obtained from theµCT image. We used the same fit intervalk = [0,kmax/3]

for all samples. The number of points in this interval and themaximum wavevectorkmax = 2π/lvox

however varies from sample to sample due to variations in voxelsizelvox and sample sizeL of the410

cubicµCT image. The regression ond,τ was carried out using MATLAB’s non-linear, least-squares

fitting tools to minimize the sum of squared differences between model and measurement. Thereby,

we maximize the quality of fit in the lowk regime, since the scattering depends only on the value at

the orignkd= 0. First we present overview results for the optimal parameters, further details such

as goodness of fits and characteristics of the cost function are explored in the subsequent section.415

For an overview, we show the optimal parameters(d̂, τ̂) for all samples in Fig. 4. The fit parameters

are apparently unrelated: a linear regressionτ̂ = 0.15d̂+0.10 as an attempt to predict stickiness from

the sphere diameter (black line) yields a coefficient of determination ofR2 = 0.23.

Next we plot the optimal stickiness valuesτ̂ for all 167 samples in Fig. 5 as a function of ice

volume fraction. This plot corresponds to the thermodynamic phase diagram of the orginal SHS420

model which completely determines the physical behavior ofthe system. It allows to further assess

the distribution of pairs(φ2, τ̂). Two additional lines are added in the Fig. 5. The dashed lineindicates

the lower limit of physically admissible values ofτ for a given volume fraction. The line is given by

τmin(φ2) =
1

12

14φ2
2 − 4φ2− 1

2φ2
2 −φ2 − 1

(35)

as an implication of the condition ont in Eq. (32).425

The second (full) line in Fig. 5, which separates the parameter space into a white and a gray part,

corresponds to the underlying percolation transition of the SHS model. The percolation line is given

by

τperc(φ2) =
1

12

19φ2
2 − 2φ2+1

(1−φ2)2
(36)
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cf. (Chiew and Glandt, 1983). The relevance of both lines in view of the present application is further430

detailed in the discussion.

Finally we compare the estimated SHS diameterd̂ with the optical diameterdopt. The optical

diameter of a snow sample is defined by

dopt =
6

SSAρice
(37)

in terms of the SSA which was obtained from theµCT image. The results are shown in Fig. 6. The435

relation between both diameters will be further analyzed inthe context of grain size scaling below.

4.5 Goodness of fits

To illustrate differences in the performance of the fit for the SHS model we show the coefficient of

determinationR2 for the optimal valueŝτ, d̂. The results are shown in Fig. 7 (open symbols) and

illustrate that the performance of the fit differs significantly. For the discussion below, we also fitted440

theµCT data in the same range to the Fourier transform of the exponential correlation function

C̃exp(k) = 4πφ2(1−φ2)
2ξ3

[1+ (kξ)2]2
(38)

which is a single parameter form involving the exponential correlation lengthξ. The results are

also shown in Fig. 7 (filled symbols). For all time series of temperature gradient metamorphism

(TGM-17, TGM-2, DH-1, DH-2) an intermediate drop inR2 for both models is observed. The worst445

performance of the SHS model (FC sample from the DIV series) is the sample with the highest

density, however no obvious trend ofR2 with snow type or density was found.

To further investigate goodness-of-fit differences of the SHS model we analyzed the behavior of

the cost function

J(τ,d) =




n/3∑

i=0

∣∣C̃(ki)− C̃SHS(ki|φ2,d,τ)
∣∣2



1/2

(39)450

for the SHS model̃CSHS(ki|φ2,d,τ) from Eq. (34) which is minimized in the least-squares opti-

mization to obtain the estimatesτ̂, d̂. The contour plot oflog[J(τ,d)] is shown in Fig. 8 for three dif-

ferent snow types. The three snow samples in Fig. 8 were a) thefirst sample of the ISO-1 isothermal

metamorphism time series (precipitation particles, PP), b) the last sample of the ISO-1 isothermal

metamorphism time series (large rounded grains, RG) c) the last sample of the DH-2 temperature455

gradient metamorphism time series (depth hoar, DH). The plots indicate apparent differences in view

of location and shape of the minimum with respect to snow type. For the PP example, the minimum

is located close to the boundary of admissibleτ values (cf. Eq. (35)). In contrast, for the RG example

the minimum is located well in the interior of admissibleτ,d values. It is however contained in a

valley almost parallel to theτ axis, indicating some degree of degeneracy of the optimal values. For460

the DH example the residuals are higher in magnitude and the minimum is shallower compared to
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the other examples. To complete the analysis of the three examples from Fig. 8, we finally plotµCT

data forC̃(k) together with the SHS and the exponential model evaluated for the optimal parameters

in Fig. 9.

4.6 Analysis of “grain size scaling”465

In order to assess the relevance of the “grain size scaling” raised in Picard et al. (2013) we further

elaborate the comparison of the optimal SHS diameter with the optical diameter from Fig. 6.

As a quantitative measure, we fitted the entire data in Fig. 6 by a linear regression

d̂= a1dopt + a0 (40)

yielding a1 = 1.50 anda0 = 0.14. If the experiment series (DIV, TGM-2,TGM-17, ISO-3, ISO-5,470

DH1,DH2) are individually fitted to Eq. (40) we obtain the values shown in Tab. 1. We also fitted

(40) to each snow type class containing more than 3 samples. The results are also shown in Tab. 1.

In addition, we conducted a numerical experiment to reproduce the situation from Roy et al.

(2013) where different, but constant stickiness values were used. To this end we prescribe the

stickiness parametersτ = 0.13,0.44,1,10,100 in the cost function (39) and conducted only a one-475

dimensional regression of the SHS model, now involving onlythe diameter as optimization param-

eter. This yields an optimal diameterd̂τ for each sample which depends on the prescribed stickiness

valueτ . For eachτ we obtain 167 pairs(d̂τ ,dopt) which are fitted to

d̂τ = b1dopt + b0 (41)

The results of the fit for the entire data set as a function of prescribedτ are shown in Tab. 2 The480

regression parameters are identical forτ = 10 andτ = 100 which indicates convergence to the non-

sticky hard sphere model.

4.7 Comparison of the scattering coefficient

With the set of optimal parameters(d̂, τ̂) from Fig. 5 and 6 we can compare the scattering coefficient

and evaluate the differences between IBA and QCA-CP, when both electromagnetic models are fed485

with the same microstructure of SHS.

The results are shown in Fig. 10. Relative to the 1:1 line (full black line) a small offset is observed

and the scattering coefficient from IBA is always larger thanthe QCA-CP counterpart. The appar-

ent offset in the double logarithmic plot Fig. 10 is equivalent to an overall prefactor. To assess the

prefactor and the deviation from 1:1, we evaluated the theoretical result for the ratiors of the scat-490

tering coefficients from Eq. (29). By computing the average volume fractionφ2 = 0.265 of all 167

analyzedµCT samples, we can compute an average ratiors between IBA and QCA-CP by inserting

φ2 into Eq. (29), vizrs := rs(φ2). This yields a value ofrs = 0.77, cf. Fig 10. The corresponding

predictionκIBA
s = rsκ

QCA−CP
s is shown in Fig. 10 as dashed red line which fully explains theoffset.
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5 Discussion495

5.1 Main results

Three main implications can be drawn from the present work.

The first is related to the comparison of the electromagneticmodels IBA used in MEMLS and

QCA-CP used in DMRT-ML. By re-deriving the scattering coefficient in IBA and QCA-CP and

extracting the dependence on microstructure we have shown that both electromagnetic approxima-500

tions involve exactly the same microstructural characteristic, namely the zero-wavevector component

of the structure factorS(0). This implies that the different metrics (correlation length and sphere

diameter) which hitherto limited the comparison of DMRT-based and MEMLS models, is only

a consequence of different microstructure descriptions and not related to fundamental differences

in the respective electromagnetic theories. We derived an expression for thek-dependent quantity505

C̃SHS(k|φ2,d,τ) for monodisperse SHS in terms of the parametersφ2,d,τ which allows to imple-

ment exactly the same microstructure in IBA and QCA-CP. The theoretical analysis showed that, if

both electromagnetic models are evaluated for SHS (or any other hard sphere model), differences

occur only in the zeroth-order effective dielectric constant (i.e. in the absence of scattering). The

theoretical ratio of the scattering coefficientrs was evaluated (Eq. (29), Fig. 1) and reveals only510

a weak dependence (maximum 30%) on volume fraction. The theoretical ratiors is well suited to

explain the scatter plot for the scattering coefficient (Fig. 10) where order-of-magnitude variations

are predominantly caused by variations of snow microstructure (via volume fraction, diameter and

stickiness), and only marginally by the difference in the electromagnetic theories.

The second implication of the present work is related to parameter estimation itself. The closed515

form expression of the correlation function (or its FFT) forthe monodisperse SHS model allows

to objectively find parameters(d̂, τ̂) for a given snow sample from aµCT image. This is of con-

siderable interest for the stickiness since no other methodto estimate this quantity from measure-

ments is presently available. The parameter estimation showed that optimal stickiness values vary

significantly (Fig. 5). This may be partially explained by the weak determination of this parame-520

ter when compared to the diameter, as illustrated by the behavior of the least-squares cost func-

tion in Fig. 8. Nevertheless, given the large sensitivity ofthe scattering coefficient on stickiness

(Picard et al., 2013), these variations have a significant impact on the modeled electromagnetic re-

sponse of snow. From the present analysis, the stickiness has to be considered as an independent

parameter, which can be neither expressed in terms of the diameter (Fig. 4) nor in terms of the ice525

volume fraction (Fig. 5). The present work only suggests (Fig. 5) that stickiness values of snow

are essentially bounded from above by the percolation line (Eq. 36) and bounded from below by

the theoretical lower bound (Eq. 35) where SHS becomes physically meaningless. The variations in

estimated parameters also show that the pragmatic approachof using the same stickiness value for
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the entire snowpack (Picard et al., 2013) is questionable. This should be considered in future use of530

DMRT models.

The third implication of the work is related to the applicability of what has been termed the “short

range limit” in microwave models (Tsang et al., 2001a, e.g. p504). To reveal the equivalence of

the scattering coefficient between IBA and QCA-CP (Eqs. 22,28) we followed a common, but not

required assumption that all relevant length scales are small compared to the wavelength. This allows535

to replace thek-dependent structure factorS(k) by its value at the originS(0) in the phase function.

On the other hand, the results of the fitting procedure show (Fig. 6) that the estimated stickiness

values for some samples are close to the lineτmin(φ2) from Eq. (35). When approaching the line, the

SHS structure factor diverges (Baxter, 1968). This is a consequence of the meaning ofτmin(φ2) as

critical line in the sense of a first-order liquid-gas phase transition in the thermodynamic framework540

of SHS. Approaching the critical line is thus accompanied bythe occurrence of density fluctuations

of increasing spatial extent, causing maybe unrealistically large values of the scattering coefficient of

IBA and QCA-CP in the short range limit (Fig. 10). In other words, estimating stickiness parameters

close to the critical line renders the “short range” assumption (i.e. thatall relevant length scales are

small compared to the wavelength) invalid. The impact of thebreak-down of this assumption can be545

principally analyzed, e.g. in IBA, by implementing the SHS model in MEMLS where the integral

over directions (Eq. 12) is computed numerically. This would allow to use the fullk dependence of

I(k) in the phase function (Eq. 5) and comparing the results to theshort range limitI(0). Similarly,

QCA expressions under the long range assumption can also be obtained by numerical integration

(Tsang et al., 2001a, Eq.10.2.62). This is however beyond the scope of the present work.550

5.2 Using SSA measurements to run microwave models

One main motivation for the present work was the issue of grain size scaling raised by Brucker et al.

(2011) to relate the optical diameter of snow to microwave simulations based on SHS.

The SSA, or optical radius, of snow can be easily measured in the field and is an appealing first

guess as size parameter in DMRT-based sphere models. However, all simulations usingd= dopt and555

τ =∞, i.e. non-sticky spheres (Brucker et al., 2011), underestimated the scattering coefficient. This

was healed by scaling up the sphere diameterd by an empirical factor ranging from 2.3 to 3.5. The

scaling was suggested to replace the unknown dependence on stickiness and distributions of grain

sizes in snow (Roy et al., 2013). The results from Fig. 5 clearly show that stickiness can not be set

to τ =∞ and thus non-sticky hard spheres are inadequate. This raises two important questions for560

electromagnetic modeling when accepting the necessity of stickiness and using SSA measurements:

1) Consideringτ to be known, isd= dopt an adequate approximation? 2) Are the parameters(τ̂, d̂)

found in the present work in agreement with the grain size scaling found in previous studies?

Fig. 5 and Tab. 1 give a clear answer to question 1. We always observed an affine relation

d̂= a1dopt + a0 with a slopea1 which is (on average for the entire data set)a1 ≈ 1.50. The slope,565
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however depends on snow type exemplified by the different sub-sets of snow samples used in

the present analysis. We observed that the temperature gradient experiments TGM-17,TGM-2,DH-

1,DH-2, which all include the formation of depth hoar (cf. supplement in (Löwe et al., 2013)), lead

to an apparently stronger dependence on the optical diameter (Tab. 1, top) when compared to the

isothermal experiments, where the slope is close to unity. This impact is confirmed by restricting the570

relationd̂= a1dopt + a0 to individual snow types (Tab. 1, bottom), or likewise by Fig. 6 where DH

samples are predominantly located above the 1:1 line and RG samples below.

When stickiness is not known in advance, but set to a fixed, prescribed value, our numerical

experiment (Tab 2) has also shown, that the slope between theoptical diameter and SHS diameter

depends on the prescribed stickiness. A simple scalingd̂=Φdopt with a grain size scaling factorΦ575

is insufficient. In addition, the fit coefficientb1 from Eq. (41) is always lower than the values forΦ

found in Roy et al. (2013). This is valid even for the non-sticky case which can be identified with

τ = 10 or τ = 100 in Tab. 1, as signaled by the convergence of the respective coefficients. However,

a valueb1 = 1.6 tends to confirm a hypothesis put forward by Roy et al. (2013):they proposed

that the polydisperse nature of snow would justify a scalingof 1.6 based on Jin (1994) while the580

stickiness would add an extra scaling by another factor of 1.6 which is the value ofb1 found here.

If both effects are assumed to be independent (which is unlikely), this yields a scaling close to 2.5

found by Brucker et al. (2011); Picard et al. (2014). Furtherquantitative analysis of the polydisperse

SHS model is required to test this hypothesis. However, a qualitative assessment of the impact of

polydispersity can be obtained yet from literature.585

5.3 Monodisperse vs polydisperse SHS

A peculiar feature of the monodisperse SHS correlation function C̃(k) are the oscillations in the tail

for largek (Fig. 3), which originate from the form factor (27). These features are clearly missing in

the experimental data shown in Fig. 9, but also for any other snow sample. The oscillations are a man-

ifestation of the monodisperse nature of SHS used here. Using polydisperse SHS with a distribution590

of diameters, these oscillatory features are smeared out asshown by Ginoza and Yasutomi (1999)

leading to a smooth tail of̃C(k) and a more realistic appearance of the model when compared tothe

measurements. Furthermore, a comparison of the present results with Ginoza and Yasutomi (1999)

also reveals that an increase of stickiness (increase ofτ−1 in Fig. 3) has a similar enhancing effect on

the scattering intensity for lowk as the increase of polydispersity (Figure 4 in Ginoza and Yasutomi595

(1999)), given that the mean sphere diameter is held constant. This further supports the hypothesis on

the superposition of effects on grain scaling from the previous section. This is intuitively reasonable,

since both effects, polydispersity and stickiness essentially increase the variability (i.e. fluctuations

of the microscopic density) in the sample, and thereby the scattering efficiency.

The monodisperse version of SHS bears another peculiarity.In general the Fourier transform of600

the correlation function must reveal the SSA in its largek limit. This is known as the Porod law
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(Torquato, 2002) which relates the largek asymptotics,limk→∞ k4C̃(k) = s/2, to the interfacial

area per unit volumes. This is generally valid for any two-phase system with a smooth interface,

and also present in the experimental data (Fig. 3). The Porodlaw is mathematically equivalent to

the existence of a cusp singularity of the real-space correlation functionC(r) at the origin, i.e. the605

existence of a small-r expansion of the formC(r)/C(0) = 1− sr/4+O(r3). However the limit

limk→∞ k4C̃(k) does not exist for Eq. (34). This is a known, subtle problem and a consequence

of monodispersity (Tomita, 1986). Thus the monodisperse SHS model bears some mathematical

peculiarities which have to be taken with care.

If, however, the present method ofµCT-based parameter estimation were to be generalized to610

polydisperse SHS, some additional effort would be required. In the polydisperse case, a system

of coupled quadratic equations must be solved to calculate the structure factorS(k) according to

(Tsang et al., 2001a, Ch. 8.4.2). This can be done only numerically in contrast to the closed-form

solution for the single quadratic equation (32) in the monodisperse case. In addition, a generalization

of Eq. (23) would be required. A similar route was suggested by Robertus et al. (1989) in the context615

of small angle scattering.

5.4 Performance of the SHS model

To assess the goodness-of-fit of monodisperse SHS, we have evaluated the coefficient of determi-

nationR2. Large differences are observed (Fig. 7), which poses the question for which snow type

SHS might be a suitable model. We also included a comparison of the R2 for SHS with theR2620

for the exponential model which is commonly used in MEMLS. Atfirst sight, the differences be-

tween the models seem to be smaller that sample to sample variations (Fig. 7). A discussion of small

R2 differences is subject to caution, but interestingly the temperature gradient time-series (DH1,

DH2,TGM2, TGM17), which evolve from decomposing particlesor rounded grains into depth hoar,

undergo a crossover in the relative performance of the exponential and the SHS model: While ini-625

tially the SHS model is slightly superior or comparable to the exponential model, this order changes

at the end of the time series. This crossover is absent for theisothermal metamorphism. This differ-

ence in performance depending on snow type is also indicatedby the behavior of the cost function

in Fig. 8 or by the comparison of theµCT correlation functions with both models in Fig. 9. The

observed goodness-of-fit differences, depending on correlation function models and snow types re-630

quires a more in-depth analysis in the future.

The performance of any correlation function model has to be assessed against microwave mea-

surements which eventually decide about the quality of a particular model. We have shown that in

both scattering formulations, IBA and QCA-CP, it comes downto a single microstructural quantity

which must be well predicted to describe scattering correctly in the low frequency limit. This quan-635

tity is the integral of the correlation function, or likewise, the zero-wavevector componentC̃(0) of

the Fourier transform. A special name has been coined for this type of parameter, it is referred to the
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coarseness of the medium (Torquato, 2002). The coarseness is a single number which quantifies the

residual amplitude of volume fraction fluctuations at the largest length scales.

5.5 Reinventing the wheel: Small angle scattering640

In view of the future task of finding the best microstructuralmodel for microwave modeling, we

suggest to build on the exhaustive work on small angle scattering used for molecular systems. Our

re-analysis has stressed that the relevant quantity in IBA and QCA-CP in the scattering coefficient

for microwave modeling of snow is the Fourier transform of the correlation function which must be

well matched. This task is well known and completely analogous to small angle scattering (SAS) of645

molecular systems. SAS from X-ray or neutron sources has become a standard technique to char-

acterize microstructures by fitting Fourier data (Pedersen, 1997). Indeed, the effective propagation

constant and the involved length scales in molecular systems are entirely different, but the task of

fitting the Fourier transform of the correlation function toa parametric model to best match the mea-

sured scattering intensity is exactly equivalent to the microwave problem in snow at low frequencies.650

Libraries of microstructure models (in terms of form factors, structure factors and generic forms of

correlation functions for bicontinuous media) are available in free software packages, e.g. SASfit

(Kohlbrecher, 2008). In principle, these packages can be applied directly to the present problem

after re-interpreting (i.e. rescaling) the length scales of thek axis.

5.6 Relevance for discrete element modeling of snow655

The results about snow as a particle based (granular) mediumgained from the present work can be

exploited even beyond the context of microwaves. As an example, discrete element modeling (DEM)

is of special interest for snow mechanics (Johnson and Hopkins, 2005) due to the adavantages in

handling bond failure and formation of new contacts under large deformations. Thereby, DEM faces

the same difficulty as microwave models: mapping the real snow structure onto a particle based660

microstructure which is in some sense equivalent to snow. Deterministic approaches, which aim at

recovering the exact grain structure, are very time consuming (Hagenmuller et al., 2014). Here DEM

might also benefit from a stochastic reconstruction of snow in terms of SHS where the computational

effort for the parameter estimation is in the order of seconds. For given parameters, different realiza-

tions of the SHS model can be generated with the Monte–Carlo approach described in Tsang et al.665

(2001a). Our analysis revealed that essentially all samples lie in the percolating regime of the SHS

phase diagram (Fig. 5). This implies that the correspondingSHS structures have a static stiffness

(elastic modulus) due to the percolating cluster, a prerequisite for a meaningful granular model. The

interpretation of snow as a granular system via the SHS modelallows, for the first time, an objective

definition of a coordination number for snow as e.g. employedfor a long time in snowpack mod-670

els (Lehning et al., 2002). For given parametersφ2, τ,d we can use the Percus–Yevick result from

Chiew and Glandt (1983) to obtain an average coordination numbernc = 2φ2t(φ2, τ) in terms of the
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solutiont of Eq. (32). By means of the coordination number, contact to other granular approaches,

e.g. for the thermal conductivity (Shertzer and Adams, 2011) or optical properties (Kaempfer et al.,

2007) can be made to cross-correlate different SHS based physical quantities.675

6 Conclusions

We reformulated two relevant approaches to the microwave scattering coefficient of snow, namely

IBA used in MEMLS and QCA-CP used in DMRT-ML, in a common microstructural framework.

This revealed their quasi-equivalence when using the same microstructural, particle-based model.

As an implication of the theoretical analysis, the stickiness parameter for (monodisperse) SHS can680

now be objectively estimated fromµCT images and was found to be an essential parameter when

modeling snow as a sphere assembly. Our analysis has confirmed a previous result, that the optical

equivalent diameter as input for microwave models based on monodisperse SHS must be used with

caution. The potential impact of polydispersity was outlined. Our preliminary goodness-of-fit com-

parison of the SHS model with the exponential model revealedan impact of snow type which must685

be further investigated in the future, in relation to microwave measurements, and with the help of

well-established ideas from small angle scattering. Also other applications, which employ a granu-

lar picture of snow, can now take SHS with realistic parameters as input. This could be exploited to

cross-correlate different physical properties and further elucidate the concept of stickiness.
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Figure 1. Ratio of scattering coefficient calculated with IBA and DMRTtheory as a function of ice volume

fractionφ2 evaluated forε1 = 1 andε2 = 3.17+ 0.0022 i.
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as a function of ice volume fractionφ2.

27



100 101
kd 

10-6
10-5
10-4
10-3
10-2
10-1

C̃
S
H
S
(k
)/
v(
d
)

k−4

τ−1

φ2

measured
SHS fit
τ=1, φ2 =0.15

Figure 3.Comparison of measured and fitted Fourier transforms of the correlation function for one snow sample

(blue curves). Dependence of sticky hard sphere modelC̃SHS(k|φ2,d,τ ) on stickinessτ (cyan curves) and

volume fractionφ2 (red curves) around a reference (black dashed line). The dependence of̃CSHS(k|φ2,d,τ )

on sphere diameterd is captured by using the dimensionless variablekd and normalizing with the sphere volume

v(d).
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Figure 4.Estimated parameter pairs(d̂, τ̂ ) for all 167 samples. Experiment series are indicated by colors (TGM-

17: red, TGM-2: green, DIV: blue, DH-1: magenta, DH-2: cyan,ISO-1: black, ISO-5: brown) and snow types

by markers (PP:⊳, DF:⊲, RG:◦, FC:�, DH: ∨, MF: ⋄).
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Figure 5. Estimated stickiness valueŝτ as a function of ice volume fractionφ2. Experiment series are indicated

by colors (TGM-17: red, TGM-2: green, DIV: blue, DH-1: magenta, DH-2: cyan, ISO-1: black, ISO-5: brown)

and snow types by markers (PP:⊳, DF:⊲, RG:◦, FC:�, DH: ∨, MF: ⋄).
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Figure 6. Scatter plot of the SHS diameter estimated̂ and the optical diameterdopt. Experiment series are

indicated by colors (TGM-17: red, TGM-2: green, DIV: blue, DH-1: magenta, DH-2: cyan, ISO-1: black, ISO-

5: brown) and snow types by markers (PP:⊳, DF: ⊲, RG: ◦, FC: �, DH: ∨, MF: ⋄). The black solid line

indicates the 1:1 relation.

31



50 100 150
0.5

0.6

0.7

0.8

0.9

1

Consecutive number

R
2

Figure 7. Coefficient of determinationR2 for the SHS model (open symbols). In addition,R2 for the exponen-

tial model is shown (filled symbols). Experiment series are indicated by colors (TGM-17: red, TGM-2: green,

DIV: blue, DH-1: magenta, DH-2: cyan, ISO-1: black, ISO-5: brown) and snow types by markers (PP:⊳, DF:

⊲, RG:◦, FC:�, DH: ∨, MF: ⋄).
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Figure 8. Contour plots of the RMSE surface for different snow types. Colors show the logarithm of the sum of

the squared differences between measured and parametric SHS formC̃(k) (cf. Eq. (39)) as a function of(τ,d)

for different examples. a) Precipitation particles (PP). b) Large rounded grains (RG). c) Depth hoar (DH). The

optimal values(d̂, τ̂ ) for the respective sample are shown as white circles.
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(Eq. (38)). To discern individual curves, the RG and DH data were displaced vertically (by factors102,104

respectively).
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Figure 10. Scatter plot of the scattering coefficient of IBA and QCA-CP from Eq. (28) and (22), respectively,

evaluated for the optimal SHS parameters(τ̂, d̂) retrieved from theµCT images.

Subset a1 a0 [mm]

Exp. series

ISO-1 1.05± 0.13 −0.08± 0.05

ISO-5 1.04± 0.16 −0.11± 0.05

DIV 1.44± 0.11 −0.09± 0.04

TGM-2 2.40± 0.04 −0.34± 0.01

TGM-17 1.47± 0.03 −0.16± 0.01

DH-1 2.38± 0.12 −0.58± 0.05

DH-2 2.03± 0.21 −0.40± 0.09

Snow type

DF 0.11± 0.37 0.14± 0.07

RG 1.33± 0.07 −0.15± 0.02

FC 1.25± 0.04 −0.06± 0.02

DH 1.59± 0.17 −0.11± 0.06

MF 1.77± 0.19 −0.33± 0.10

Table 1. Fit parameters and standard errors for a linear regression between the optimal SHS diameter and the

optical diameter according to Eq. (40) carried out for subsets of the data: individual experiment series (top) and

for individual snow types (bottom).
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τ b1 b0 [mm]

0.13 0.94± 0.07 0.04± 0.03

0.44 1.43± 0.09 0.04± 0.03

1.00 1.55± 0.10 0.03± 0.03

10.0 1.60± 0.10 0.04± 0.04

100.0 1.60± 0.10 0.04± 0.04

Table 2. Fit parameters and standard errors for a linear regression for all samples between the optimal SHS

diameter and the optical diameter if the optimization ofd̂τ is done for prescribedτ according to Eq. (41).
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