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Abstract.

As the melt season progresses, sea ice floes in the Arctic often become permeable enough to allow

for nearly complete drainage of meltwater that has collected on the ice surface. Melt ponds that

remain after drainage are hydraulically connected to the ocean, and correspond to regions of sea ice

that are below sea level. We present a simple model for the evolution of melt pond coverage on such5

permeable sea ice floes, in which we allow for spatially varying ice melt rates and assume the whole

floe is in hydrostatic balance. The model is represented by two simple ordinary differential equations,

where the rate of change of pond coverage depends on the pond coverage, and all the physical

parameters of the system are summarized by four strengths that control the relative importance of

the terms in the equations. With this model, we are able to fit observations relatively well. Analysis of10

the model allows us to understand the behavior of melt ponds in a way that is often not possible using

more complex models. We show that bare ice melting accounts for roughly half the pond growth,

while melting ponded ice and ice bottom contribute less. Furthermore, our analysis demonstrates

the somewhat surprising result that changes in bare ice albedo influence pond evolution roughly 5

times as much as corresponding changes in pond albedo. Performing a similar analysis, we estimate15

that under a global warming scenario, pond coverage would increase by at least 1.3% per Wm−2

per month. Using our model, we are able to extract the dependence of initial pond fraction, and

show how melting different regions of the ice changes the pond coverage distribution differently. We

also show that under certain conditions, ponds can stop growing. Since melt pond coverage is one

of the key parameters controlling the albedo of sea ice, understanding the mechanisms that control20

the distribution of pond coverage will help improve large-scale model parameterizations and sea ice

forecasts in a warming climate.

1 Introduction

Over the past forty years, Arctic summer sea ice extent has reduced by 50 percent, making it one of

the most sensitive indicators of man-made climate change (Serreze and Stroeve, 2015; Stroeve et.25

al., 2007; Perovich and Richter-Menge, 2009). This rapid decrease is at least partially due to the ice-

albedo feedback (Zhang et. al., 2008; Screen and Simmonds, 2010; Perovich et. al., 2007). Moreover,
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if the ice-albedo feedback is strong enough it could lead to instabilities and abrupt changes in ice

coverage in the future (North, 1984; Holland et. al., 2006; Eisenman and Wettlaufer, 2008; Abbot et

al., 2011). The albedo of ice is strongly affected by the presence of melt ponds on its surface (Eicken30

et. al., 2004; Perovich and Polashenski, 2012; Yackel et. al., 2000). Therefore, understanding the

evolution of melt ponds is essential for understanding the ice-albedo feedback, and consequently,

the evolution of Arctic sea ice cover in a warming world. This means that accurate melt pond pa-

rameterizations must be incorporated into Global Climate Models (GCMs) to improve their sea ice

forecasts (Flocco et. al., 2010; Holland et. al., 2012; Pedersen et. al., 2009). The main difficulties35

with including accurate melt pond parameterizations in large scale models are that pond evolution

is nonlinear and that it is the result of a variety of different physical processes operating on a range

of length and time scales. For these reasons, it is important to understand the mechanisms that drive

the evolution of melt ponds.

Typically, the evolution of pond coverage on first-year ice proceeds in a fairly consistent manner40

(Polashenski et. al., 2012; Perovich et. al., 2003; Landy et. al., 2014; Webster et. al., 2015). First

the ponds grow quickly while the ice is impermeable. Next they drain quickly and pond coverage

shrinks as the ice transitions from impermeable to permeable. Then the ponds grow slowly while the

ice is permeable and pond water remains at sea level. Finally, the ponds either refreeze or the floe

breaks up. The stage when ice is highly permeable is typically the longest, sometimes lasting as long45

as the first two stages combined. This stage is particularly suitable to model, since the ponds can be

assumed to be at sea level, and hydraulically connected to the ocean.

In this paper we will present a simple model for the evolution of melt pond coverage on sea ice

floes. We will assume that ice is permeable, ponds are at sea level and hydraulically connected to the

ocean, the whole ice floe is in hydrostatic balance, and different points on the ice surface may melt50

at different rates. Furthermore, we will assume that all the melt occurs either on the top surface or on

the bottom surface of the ice, neglecting the possibility of ice melting internally. We will also neglect

the possibility of pond growth by lateral melt of pond walls by the heat flux from the pond water.

Nevertheless, we will discuss and assess the effects of both internal and lateral melt. The purpose

of our model is: i) to clarify the roles played by physical parameters such as energy fluxes, the ice55

thickness, and initial pond coverage, in the evolution of pond coverage, ii) to provide a simple, yet

accurate, way to estimate the pond coverage after a certain amount of time, iii) to understand the

behavior of melt ponds under general environmental conditions, and iv) to investigate different types

of qualitative behavior that can arise from differential melting and maintaining hydrostatic balance.

Skyllingstad et. al. (2009) also describe pond growth on permeable ice, but include only pond60

growth by lateral melt of pond walls. This contrasts with our model, which includes includes only

pond growth by vertical changes of the topography (freeboard sinking and vertical sidewall melt-

ing). Our models are different, but complementary, and on several occasions we will draw parallels

between our two models. Aside from Skyllingstad et. al. (2009), previous melt pond modeling ef-
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forts include works by Taylor and Feltham (2004), Lüthje et. al. (2006), Scott and Feltham (2010),65

and Flocco and Feltham (2007), who all created comprehensive models that allowed for more re-

alistic representations of physical processes such as heat and salt balance, and meltwater routing

and drainage. The advantage of our model is its simplicity, and its analytical form, which makes it

possible to clarify the roles of each of the physical parameters involved.

This paper is organized in the following way. In section 2 we build a simple model for the evolution70

of pond coverage. In section 3 we solve the model numerically using realistic parameters. In section

4 we analyze the model analytically to gain a better understanding of the factors influencing pond

evolution. In section 5 we discuss: the physical processes that can change the rate of melt near the

pond edge; lateral and internal melt; and the possibility of pond growth stopping. Finally in section

6 we summarize our results and conclude.75

2 Building the simple model

In this section, we build the model for the evolution of melt pond coverage, and then solve it using

realistic physical parameters. Before we proceed to build the quantitative model, we will first state

the assumptions, and discuss the physical mechanisms driving pond evolution.

Our model focuses on the stage of pond evolution when ice is highly permeable and all the melt-80

water created is quickly removed to the ocean. The beginning of this stage can be identified as the

point in time when pond coverage drops to its summer minimum, meaning that all the meltwater

on the ice surface has drained to sea level, and the remaining ponds correspond to places on the ice

surface that are below sea level. We will assume that from this point on, the ponds are hydraulically

connected with the ocean, and the only way for pond coverage to increase is for the points on the ice85

surface which were above sea level to sink below sea level. In reality, ponds can also grow through

horizontal melting of their sidewalls. As some observations suggest that this type of growth is small

(Polashenski et. al., 2012; Landy et. al., 2014), we neglect it (see section 5.2 for further discussion).

Furthermore, we will assume that all the melt occurs at the surface of the ice. We thereby neglect

the possibility of internal melt, which we discuss in subsection 5.3. We will further assume that new90

ponds cannot form, and the only way for pond coverage to change is for existing ponds to change in

size. Finally, we will assume that the entire ice floe is in hydrostatic balance.

The main goal of our model is to determine the fraction of the ice surface above sea level that

falls below sea level after some time. Therefore, we focus on the vertical displacements of points

on the surface of the ice in response to melt. To this end, we define the ice topography, s(r), as the95

elevation of the ice surface above sea level at the point r, and we define melt ponds as those regions

where s(r)< 0. There are two main reasons why the topography might change in response to ice

melt:
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a) First, the topography at a point r changes when ice at that point melts (Fig. 1 a). Here, the

rate of change of topography at a point depends only on local characteristics of that particular100

point. For this reason, we will call this type of motion “local.” Points on the surface in this

way move “downwards,” i.e. to lower elevations above sea level.

b) Second, in order to maintain hydrostatic balance, the entire ice surface can shift up or down

in response to mass being removed above or below sea level. Since we are assuming that the

entire ice floe is in hydrostatic balance, melting any region of ice moves the entire floe as a105

rigid body (Fig. 1 b). For this reason, we will call this type of motion the “rigid body” motion.

An ice floe is not a rigid body, but up to its flexural wavelength we can approximate it as such.

Melting above sea level induces an upward rigid body motion, whereas melting below sea

level induces a downward rigid body motion.

At each point on the ice surface, the change in elevation above sea level can be calculated as the sum110

of these two contributions.

Since we are assuming that new ponds cannot form, the only way for pond coverage to change is

through changes of topography near the pond boundaries. In our model, ponds grow in two ways:

a) Ponds can grow as a result of freeboard sinking. For points on bare ice, freeboard sinking

represents a general downward shift of the non-changing topography as a result of overall115

thinning of the ice. Both rigid body movement and local melting contribute to freeboard sink-

ing. Only the average local melt matters, since it determines the mass lost above sea level, and

does not change the overall shape of the topography.

b) The other way ponds can grow is if the topography changes shape without changing its average

height. Ponds can grow in this way if some regions melt faster than average. Therefore, a120

positive deviation in the local melt rate can grow ponds. Since we assume that no new ponds

can form, pond growth by this mechanism is restricted to ice around the pond edge. Therefore,

if the points near the pond boundaries melt at a faster rate than average, thereby changing the

topography near the pond boundary, ponds will grow by “vertical sidewall melting.” Vertical

sidewall melting should not be confused with horizontal sidewall melting, (i.e. lateral melting)125

which we neglect. Vertical sidewall melting here represents a vertical motion of the ice surface

near the pond boundary as a result of a deviation of the local melt rate from the average and

not the horizontal motion of pond walls possibly induced by the lateral heat flux from the pond

water.

For vertical sidewall melting to be significant, ice near the boundaries needs to, on average, have130

different properties than bare ice far away from the ponds. In fact, bare ice near the boundaries of

the ponds is unique for at least two reasons: i) it is near sea level and ii) it is located at the ice-water

interface. This special nature potentially provides it with unique topographical, thermal, and optical
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properties, which can influence its rate of melt. Deviations from the mean melt rate for points far

away from the pond edges do not influence pond evolution, since points at the pond perimeter and135

points far away from the pond edges are correlated only through hydrostatic adjustment which is

determined by the average melt rates above and below sea level. Because hydrostatic adjustment can

move the entire floe upwards if there is enough mass removed above sea level, ponds can even shrink

as a response to melt if ice near the pond perimeter melts slowly enough.

We now proceed to build the quantitative model of pond evolution. Following the above ideas, we140

divide the total rate of change of vertical position of the point r on the surface of the ice, dsdt (r), into

a contribution from rigid body motion, dsrigid body

dt , and a contribution from local melting, dsloc
dt (r),

ds

dt
(r) =

dsrigid body

dt
+
dsloc

dt
(r) . (1)

Ice above sea level must hydrostatically balance the ice below sea level. We can write this hydro-

static balance as145

mabove s. l. =
ρw− ρi

ρw
mbelow s. l. , (2)

where mabove s. l., and mbelow s. l. represent the mass of ice above and below sea level, and ρw, and ρi

represent the densities of water and ice.

The mass above and below sea level can change either because the ice melts or because the floe

moves as a rigid body, changing the proportion of ice above and below sea level. Therefore, differ-150

entiating Eq. (2) and splitting into melt and rigid body contributions, we find

dmmelt
above s. l. + dmrigid body

above s. l. =
ρw− ρi

ρw

[
dmmelt

below s. l. + dmrigid body
below s. l.

]
, (3)

where dmmelt/rigid body
above/below s. l. represent changes in mass above and below sea level due to either ice melting

or the entire floe floating up or down.

The mass melted above and below sea level after some time dt is155

dmmelt
above s. l. =−Abi

F bi

l
dt ,

dmmelt
below s. l. =−Amp

Fmp

l
dt−AF bot

l
dt , (4)

where l = 334 kJ
kg is the latent heat of melting, F bi is the total energy flux used for melting bare ice

averaged over all the regions of bare ice, Fmp is the total energy flux used for melting ponded ice

averaged over all the regions of ponded ice, F bot is the total energy flux used for melting the ice

bottom averaged over the ice bottom, Abi, Amp, and A are the area of bare ice, the area of melt160

ponds, and the area of the entire floe.

Since floating up or down does not change the total mass of the ice, mass changes above and below

sea level due to rigid body motion are equal with an opposite sign, dmrigid body
above s. l. =−dmrigid body

below s. l. . We

can express dmrigid body in terms of rigid body displacement of the floe as

dmrigid body
above s. l. = ρiAbidsrigid body ,

dmrigid body
below s. l. =−ρiAbidsrigid body . (5)165
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Substituting Eqs. (4) and (5) into Eq. (3), solving for dsrigid body, and differentiating with respect

to time, we find the rate of change of surface topography due to rigid body motion as

dsrigid body

dt
=
[ ρi

ρw

F bi

lρi

]
−
[ρw− ρi

ρw

Amp

Abi

Fmp

lρi

]
−
[ρw− ρi

ρw

A

Abi

F bot

lρi

]
. (6)

The three terms in large square brackets correspond to topography change due to bare ice melting,

ponded ice melting, and ice bottom melting. Rigid body motion depends only on spatially averaged170

energy fluxes, which in turn depend on parameters such as the average insolation on the floe, the

average albedo, and the average longwave, sensible, latent and bottom heat fluxes. If bare and ponded

ice melt only from energy absorbed by the upper surface of the ice, the fluxes F bi, and Fmp can also

be written in terms of albedo as:

F bi = (1−αbi)Fsol +Fr ,

Fmp = (1−αmp)Fsol +Fr , (7)175

where αbi and αmp are the average albedos of bare and ponded ice, Fsol is the solar flux, and Fr is

equal to the sum of net longwave, net sensible, and net latent heat fluxes.

Local displacement, dsloc, quantifies how much the ice surface topography changes as a result of

local melt. We can determine the local melt rate from Fsurf(r), the flux of energy used for melting

the ice surface at a point r180

dsloc

dt
(r) =−Fsurf(r)

lρi
, (8)

where the positive direction is defined as upwards. The local flux depends on parameters such as the

local albedo, the local insolation, the local longwave, sensible and latent heat fluxes, and the angle

between ice and incoming radiation at that point.

If all melt happened on the surface of the ice, then the flux Fsurf(r) averaged over all the points on185

the surface of the ice above sea level would have to equal F bi

< Fsurf(r)>= F bi , (9)

where < ... > represents averaging over all the points on bare ice. For this reason, we will parame-

terize the rate of local melting as

dsloc

dt
(r) =−k(r)

F bi

lρi
, (10)190

where k(r) is a non-dimensional number that quantifies the deviation of the melt rate at the point r

from the mean melt rate of bare ice surface, which depends on the detailed conditions of ice and its

environment. The parameter k could be either greater than or less than one. Here we will take k to

be constant in time, but in reality it need not be. Finally, according to Eq. (1) we add Eq. (6) and Eq.

(10) to get the equation for the evolution of the bare ice topography. We express this in terms of melt195
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pond fraction, x≡ Amp

A

ds

dt
(r) =−

[
(k(r)− 1)

F bi

lρi

]
−

−
[ρw − ρi

ρw

1

lρi

(
F bi +

x

1−x
Fmp +

1

1−x
F bot

)]
. (11)

Here, we split the equation into two terms, enclosed by the square brackets. The first term represents

the local deviation from the average surface melt rate, which changes the general shape of the to-

pography while preserving its average height above sea level. The second term represents a global200

shift of the average elevation above sea level due to freeboard sinking.

Both terms in Eq. (11) contribute to pond growth. Since we assume new ponds cannot form, the

first term, which represents the topographic change due to deviation from the mean melt rate, can

only grow the ponds by melting the ice near their boundaries. For this reason, we will identify the

first term with vertical sidewall melting. Far from the pond edge, only the average melt rate matters205

by changing the rate of freeboard sinking. Therefore, for the purposes of estimating the evolution

of pond coverage, we will assume that k(r) = 1 far away from the pond boundary on bare ice, and

k(r) 6= 1 close to the boundary. In particular, we will assume k(r) 6= 1 closer than some distance d

from the pond perimeter, and that k(r) is only a function of the distance from the pond edge. It is

important that this distance is small, such that area where k 6= 1 is small compared to the total area210

of bare ice, since averaged over all the points on bare ice k needs to equal one. This assumption is

reasonable, since close to the pond boundaries ice-water interaction could alter the melt rate.

In this way, the topographic evolution equation can be split into two terms: vertical sidewall melt-

ing, and freeboard sinking:

ds

dt
=
dssm

dt
+
dsfs

dt
, (12)215

where dssm
dt , and dsfs

dt are contributions from vertical sidewall melting, and freeboard sinking, and

correspond to the first and second term of Eq. (11). This equation describes changes of topography

near the perimeter of the ponds.

We now need to relate the vertical displacements near the pond boundaries to the change in area

of the melt ponds. To this end we define the hypsographic curve, s(xh), that relates the elevation220

above sea level, s, to the percent of ice surface below that elevation, xh (Fig. 2). Such curves have

been measured and reported on several occasions (e.g. Fig. 8 of Eicken et. al. (2004), or Fig. 8 of

Landy et. al. (2014)). If the ice is highly permeable, the melt pond fraction, x, can be inferred from

a hypsographic curve as the intersection of sea level with the curve. Since ponds are hydraulically

connected with the ocean, the average freeboard height, h, depends on the pond fraction. The average225

freeboard height, h, can be expressed in terms of the ice thickness H and pond fraction as

h=
ρw − ρi
ρw

H

1−x
. (13)

Here, the average freeboard height is defined as the elevation of the ice surface above sea level

averaged over all the points of bare ice. For two ice floes of the same thickness, the one with higher
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pond coverage will also need to have a higher average freeboard in order to maintain hydrostatic230

balance. For this reason we cannot use the hypsographic curves measured in the field if we wish

to initialize our model with a pond coverage different than the one we have observational data for.

We can address this problem by changing the measured hypsographic curve in a controlled way,

so as to preserve the general shape of the measured curve, while satisfying the requirement for

hydrostatic equilibrium for a particular choice of initial pond fraction and ice thickness. To get the235

new hypsographic curve for a particular initial pond fraction, xi, ice thickness, H , and average

pond depth, d, we split the observed hypsographic curve into the part above sea level and the part

below sea level. We then stretch/contract the above sea level part of the curve along the x-axis to

get the desired initial pond fraction, and then rescale it along the y-axis to get a freeboard that

hydrostatically balances a floe of chosen thickness. Since topography below sea level is not important240

for the evolution of pond coverage, we replace the below sea level part with a straight line that

satisfies the requirement that the average pond depth is d. We show an example of a measured

hypsographic curve in Fig. 2 a), and show how we modify the curve for different initial ice thickness

and initial pond coverage in Fig. 2 b) and c). We note that initial pond fraction, xi, corresponds to

the pond fraction when ice first becomes permeable.245

Throughout this paper we use measurements of the hypsographic curve made by Landy et. al.

(2014) for June 25th of 2011. We believe that such a statistical description of the ice topography

should be general enough across different ice types, however, more measurements of sea ice topog-

raphy would be useful in characterizing the variability in hypsographic curves. Part of the hypso-

graphic curve above sea level measured by Landy et. al. (2014) is relatively well fit with a tangent250

function, s(xh) = atan(bxh + c) + d (Fig. 2 a), red line). This tangent function is determined by

four fitting parameters. If the fit to such a tangent function holds for sea ice hypsographic curves in

general, knowing initial pond coverage, ice thickness, and ice roughness, we can constrain three of

these parameters.

In the case of pure freeboard sinking the overall shape of the hypsographic curve does not change255

as the ice melts, but rather the whole curve is shifted following a displacement of dsfs. We can

calculate the resulting change in pond coverage as

dx

dt
=
dxh
ds

(x)
dsfs

dt
, (14)

where dsfs is the vertical displacement of the bare ice topography due to freeboard sinking (as de-

termined by the second term in Eq. (11)), and dxh

dsfs
(x) is the change in pond fraction for a vertical260

shift of the ice surface of dsfs when the pond fraction is equal to x. It is equal to the reciprocal of the

derivative of the hypsographic curve, s(xh), evaluated at xh = x. Substituting dsfs
dt from Eq. (11) we

find

dx

dt
=
dx̂h
dŝ

(x)
[
Sbi +Smp

x̂

1̂−x
+Sbot

1

1̂−x

]
, (15)
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where x̂≡ x
xi

, and 1̂−x≡ 1−x
1−xi

are pond and bare ice fraction normalized by initial pond and bare265

ice fraction, dx̂h

dŝ (x)≡ h
1−xi

dxh

ds (x) is a non-dimensional slope of a hypsographic curve, and we

have defined the strengths of pond growth by freeboard sinking due to melting bare, ponded, and ice

bottom, Sbi, Smp, and Sbot as

Sbi ≡
(1−xi)2F bi

Hlρi
,

Smp ≡
(1−xi)xiFmp

Hlρi
,

Sbot ≡
(1−xi)F bot

Hlρi
, (16)

The non-dimensional factors x̂, 1̂−x, and dx̂h

dŝ (x) are chosen to be of the order unity, so that Sbi,270

Smp, and Sbot control the strengths of pond growth by melting bare ice, melting ponded ice, and

melting ice bottom. Reciprocals of the strengths represent the timescales of the growth modes.

The set of parameters needed to describe pure freeboard sinking can be further reduced by rewrit-

ing Eq. (15) as

dx

dt
=
dx̂h
dŝ

(x)
[
S1

x̂

1̂−x
+S2

1

1̂−x

]
, (17)275

where S1 ≡ Smp−xiSbi/(1−xi) and S1 ≡ Sbot +Sbi/(1−xi) represent a minimal set of parameters

needed to describe pure freeboard sinking. However, these parameters do not have a clear physical

interpretation, and we will henceforth focus only on Sbi, Smp, and Sbot.

In the case of pure vertical sidewall melting, the hypsographic curve only changes close to the

pond boundary. To determine the fraction of ice affected by vertical sidewall melting, we convert280

the distance from the pond boundary where there is a significant deviation of the melt rate from

the average, d, to ice fraction, δ = dPA , where P is the total perimeter of the ponds, and A is the

area of the floe. Although, in general, pond perimeter, P , is a function of pond fraction, we will

approximate it as constant. Let us now assume that the melt rate is only a function of distance from

the pond edge, meaning that k = k(xh), and k(xh > x+ δ)≡ 1, and k(x+ δ > xh > x)≡ k > 1,285

where k is a constant larger than 1. If there is no topographic variation above sea level, and the

entire ice floe above sea level has the same height, h, the pond coverage would grow by δ after a

time ∆t= h
dssm/dt

. Therefore, the pond growth rate in this case would be ∆x
∆t = δ

h
dssm
dt , where dssm

is the vertical displacement of ice topography as determined by the first term of Eq. (11). If there

is non-negligible topography above sea level described by the hypsographic curve, the time ∆t it290

takes for pond coverage to grow by δ, would be ∆t= s(xh=x+δ)
dssm/dt

. Here, s(xh = x+δ) is the original

hypsographic curve evaluated at xh = x+ δ. We will assume this expression generally holds for

vertical sidewall melting. Thus, we arrive at the expression for pond growth due to pure vertical

sidewall melting

dx

dt
=

δ

s(x+ δ)

dssm

dt
. (18)295
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If δ is small compared to variation in the hypsographic curve, we can substitute s(x+ δ) with s(x).

This is only not justified near the beginning of the melt, when s(x)≈ 0. We have made a number of

assumptions in deriving the expression for vertical sidewall melting, such as assuming that k(xh) has

a constant value larger than 1, and then suddenly drops to 1. Below we show that these assumptions

are justified. Substituting dssm
dt from Eq. (11) we find300

dx

dt
= Ssm

1

ŝ(x+ δ)
, (19)

where ŝ(x)≡ s(x)
h is the non-dimensional hypsographic curve, and the strength of the vertical side-

wall melting, Ssm, is defined as

Ssm ≡
ρw

ρw− ρi

(1−xi)δ(k− 1)F bi

Hlρi
, (20)

Below we show that if the function describing the local melt rate, k(xh), has a non-trivial dependence305

on the distance from the pond boundary (or equivalently on xh), the combination δ(k− 1) is better

replaced with a parameter K ≡
∫ 1

xi
(k(xh)− 1)dxh.

Finally, we need to estimate pond coverage evolution when both freeboard sinking and vertical

sidewall melting are happening simultaneously. We will assume that in this case, contributions from

each of these processes can be added independently. Therefore, we solve Eq. (15) for pure freeboard310

sinking, and Eq. (19) for pure vertical sidewall melting independently, and add them together to get

the full evolution of pond coverage, x(t):

x(t) = xfs(t) +xsm(t)−xi , (21)

where xfs(t), and xsm(t) are solutions to Eq. (15), and Eq. (19), both forced using the same parame-

ters, and initialized with the same initial pond fraction xi.315

In order to test the assumption of adding the two contributions independently, we have developed

a “1D” model in which we explicitly determine pond evolution when both freeboard sinking and

vertical sidewall melting are happening simultaneously. Apart from resolving the melt rates in one

dimension, the underlying assumptions for the 1D model are essentially the same as for the simple

model. For this reason, we simply give an outline for this model, without discussing it in much detail.320

In the 1D model, we evolve the hypsographic curve by prescribing a melt rate, dsloc, to each xh

depending on the distance from pond edge. The hypsographic curve above sea level far away from the

pond edge melts at a uniform rate, whereas the hypsographic curve above sea level close to the pond

edge melts at an enhanced rate. Parts of the curve below sea level melt at a uniform rate determined

by the flux used for melting ponded ice, Fmp. Finally, hydrostatic adjustment is calculated by finding325

the ice thickness directly at each time step, and placing the floe in hydrostatic balance. The evolution

of pond coverage obtained from this model is shown in Fig. 3 a). The comparison with the simple

model is excellent.
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The 1D model allows us some freedom to test the detailed assumptions of the single column

model. First, we can test how the functional form of k(xh) affects the pond evolution (Fig. 3 b). Func-330

tions k(xh) were chosen such that they all have the same integral parameterK ≡
∫ 1

xi
(k(xh)−1)dxh.

Figure 3 a) shows that in each of these cases the evolution of pond coverage proceeds nearly iden-

tically. Second, we can test the effects of varying pond albedo. In reality pond albedo decreases as

the ponds deepen. We assume a dependence of pond albedo on pond depth by prescribing a constant

pond bottom albedo and calculating the amount of sunlight absorbed by the pond water using the335

radiative properties of water presented in Table 1 of Skyllingstad et. al. (2009), and assuming this

energy is used to melt ponded ice uniformly. The red dashed line in Fig. 3 a) shows that allowing for

pond albedo to vary only has a small effect on pond evolution.

Equation (21) represents a sum of solutions to two simple ordinary differential equations, in which

the rate of change of pond fraction depends on the pond fraction. Here, we have reduced the number340

of parameters from the original nine (H , xi, F bot, Fsol, Fr, abi, amp, k, and δ) to four (Sbi, Smp, Sbot,

and Ssm). The strengths of freeboard sinking, Sbi, Smp, and Sbot, depend only on the parameters that

are available in GCM simulations, and are relatively easily measured in observational studies. The

vertical sidewall melting strength, Ssm, however, also depends on the difficult-to-measure parameters

k and δ that describe the melt rate near the pond boundary. If we could place some constraints on345

these parameters reliably enough, our model would be a useful parameterization in GCMs for pond

growth after ice becomes permeable. Observations and detailed theoretical studies focusing on ice

melt processes near the pond edge could constrain these parameters.

3 A simple model for the evolution of pond coverage can approximate observations using

realistic parameters350

We now solve Eq. (21) numerically using realistic values for the parameters. For shortwave, long-

wave, latent, and sensible heat fluxes, we use values inferred by Skyllingstad et. al. (2009) using

hourly measurements from the SHEBA mission. We use the bottom heat flux inferred from mea-

surements of ice bottom ablation during the SHEBA mission (Perovich et. al., 2003). The albedo of

bare ice can vary between 0.5 and 0.7 (Hanesiak et. al., 2001), while the albedo of melt ponds can355

vary between 0.15 and 0.6, depending on pond depth and conditions of ice at the pond bottom (Per-

ovich et. al., 2002b). Here we prescribe a default bare ice albedo of 0.6, and a default pond albedo

of 0.4. Parameters k and δ depend on the physical mechanisms at play near the pond boundary

such as bare ice wetting and washing away of dark particulates (see section 5). We can place some

rough constraints on these parameters. We might expect that ice near the pond boundaries melts at360

some rate faster than bare ice, but slower than ponded ice. Using the average values of the fluxes

and albedo, this puts k between 1 and Fmp

F bi
≈ 1.67. Here, we use k = 1.2. We can estimate δ from

δ = dPA . From airborne photographs taken during the SHEBA mission, we find that late in the melt
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season P
A ≈ 0.1 m−1. If we assume that there is significant interaction between ice and pond water at

least 10 cm and at most 1 m from the pond edge, we find that δ lays between 0.01 and 0.1. Here, we365

use δ = 0.05. This is clearly a rough estimate, but it is likely of the correct order of magnitude. We

use an initial ice thickness of 2m, and use the topography measured by Landy et. al. (2014) adjusted

for the prescribed ice thickness and initial pond fraction (usually xi = 0.2). Although water and ice

densities can vary due to changes in water salinity, internal ice melt, and the presence of air bubbles

and brine in the ice, we will take these values to be fixed throughout the paper at ρw = 1000 kg
m3 , and370

ρi = 900 kg
m3 .

Figure 4 a) shows the solution to Eq. (21) for different initial conditions. We can see that ponds

grow more rapidly when the initial pond coverage is lower, and the pond evolution curves cluster

together as time progresses. This is because lower initial pond coverage corresponds to lower initial

freeboard height, making the pond growth more rapid. The dashed line corresponds to the solution375

using the fluxes time-averaged over the 40 day run. The solutions using the averaged fluxes are very

similar to the ones using time-varying fluxes, meaning that daily, and even monthly variations in the

forcing have little effect on pond growth. Henceforth, we will use the time-averaged fluxes.

Larger ice thickness means a higher freeboard. For this reason, ponds grow more slowly on thicker

ice. Because the pond growth rate is inversely proportional to ice thickness, dxdt ∝
1
H , pond coverage380

is more sensitive to variations in ice thickness when the ice is thin (4 b). In Fig. 4 b) we see that a

0.5m difference in the initial ice thickness (between a floe 1.5 m and a floe 2 m thick) can mean a

30% difference in pond coverage at the end of the melt season.

Figure 4 c) shows the dependence of pond coverage on albedo. A variation of 0.1 in bare ice

albedo has a much larger effect on pond evolution than the same change in pond albedo. The reason385

is that melting ponded ice only affects pond coverage through downward rigid body motion of the

floe, whereas melting bare ice grows the ponds through both vertical sidewall melting and freeboard

sinking. Furthermore, rigid body motion due to ponded ice melting is proportional to the fraction of

melt ponds, whereas freeboard sinking due to bare ice melting is independent of pond fraction.

The parameters k and δ are the least constrained parameters in our model. In Fig. 4 d) we show390

the dependence of pond evolution on the rate of melt near the pond boundary, k. Exploring the full

range of realistic values for k, 1< k < 1.6, we find that the pond fraction at the end of the melt

season can vary by about 20%. This difference would be larger if we chose a larger δ. If k is enough

smaller than 1, Ssm can become negative, and the ponds can shrink. In this case, ice near the pond

boundaries melts slowly enough such that an upward rigid body movement due to melting ice above395

sea level pushes the ice around the pond edge upwards. The evolution of shrinking ponds cannot

be represented well in our model, and the blue curve in Fig. 4 d) serves therefore simply as an

illustration.

The dotted line in Fig. 5 a) represents the solution to our model with flat topography using the

full time-varying fluxes, ice thickness of 2 m, and vertical sidewall melting parameters k = 1.5,400
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and δ = 0.1. When the topography above sea level is flat, freeboard sinking does not play a role

in pond growth, while vertical sidewall melting does not depend on the pond fraction, and pond

evolution becomes linear. As we discuss in below in subsection 5.2, assuming a flat topography

above sea level, makes our model analogous to lateral melting. The red line on the same figure

shows the results from the the lateral melting model of Skyllingstad et. al. (2009). Skyllingstad405

et. al. (2009) carefully calculated lateral melt rates from environmental conditions. The fact that

the dotted line almost perfectly fits the results of Skyllingstad et. al. (2009) suggests that a single

constant that relates the rate of melt of bare ice to the rate of melt of pond walls, K, is enough to

capture the effects of lateral melting on pond growth. This suggests that the complicated physics

of lateral melting can, to a large extent, be ignored. The dashed line represents the solution to our410

model using only vertical sidewall melting (only Ssm 6= 0) with non-flat topography. Including the

topography significantly speeds up pond growth meaning that topography above sea level plays a

large role in pond evolution. The solid black line represents the solution to the full Eq. (21), with

both vertical sidewall melting and freeboard sinking included. The parameters k and δ are close to

our limiting estimates, meaning that the vertical sidewall melting is strong and close to its upper415

limit. Even though vertical sidewall melting is strong, freeboard sinking accounts for nearly half the

pond growth at the end of the melt season. This means that freeboard sinking should not be neglected

even when vertical sidewall melting is strong.

In Fig. 5 b), we compare the results from our model to observations made on an albedo line

during SHEBA. The full line represents a solution to the full Eq. (21). We use the melt rates of bare420

ice and ponded ice measured directly using ablation stakes during SHEBA (Perovich et. al., 2003).

Since the ablation rates were measured directly, the ice thickness and the melt rate near the pond

boundary are the only parameters left unconstrained. Knowing the ice thickness along the albedo line

would make the strength of vertical sidewall melting, Ssm, the only fitting parameter. Unfortunately,

no thickness measurements were made along the albedo line. A relatively good fit was obtained425

using realistic parameters H = 1.6 m, and k = 1.5. There is a noticeable discrepancy towards the

end of the melt season. Since the measurements were made only along a 200 m albedo line, there

could be a significant disagreement between the topography of the ice along the albedo line and

the hypsographic curve we used, even if the topography of the entire floe corresponds well to the

hypsographic curve we used. This difference in topography could explain the remaining discrepancy430

between the measurements and our model.
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4 Analyzing the simple model yields useful insight into factors influencing the pond

evolution

Extracting the dependence of a desired property on physical parameters and understanding its scaling

is the main strength of our model. These types of relationships would be difficult to obtain in a more435

complex model.

The parameters Sbi, Smp, Sbot, and Ssm control the rates of pond growth by melting different

regions of ice. Roughly, they represent the amount of pond growth per unit time by freeboard sinking

due to melting bare ice; freeboard sinking due to melting ponded ice; freeboard sinking due to

melting ice bottom; and vertical sidewall melting. Analyzing these parameters can give useful insight440

into the behavior of melt ponds under general circumstances.

Different growth modes yield different pond evolution. Figure 6 shows phase portraits for pond

fraction and solutions to Eq. (21) when only one of the strengths is non-zero. Common to all modes

of growth is the dependence on ice thickness. Each growth mode is inversely proportional to the ice

thickness, H , meaning that ponds grow proportionally slower on thicker ice.445

The parameter Sbi is proportional to the flux F bi, and controls pond growth by freeboard sinking

due to melting bare ice. This parameter becomes dominant if F bi is high compared to the bottom

melting flux, F bot, if initial pond coverage is small, and if k is close to one. Owing to the shape

of the hypsographic curve, the pond growth rate by bare ice melting increases up to a certain pond

coverage which lays roughly half-way between xi and 1 and decreases afterwards (Fig. 6, blue line).450

Sbi depends on the initial pond coverage as Sbi ∝ (1−xi)2. This means that ponds on floes with less

initial pond coverage grow faster. The quadratic dependence on initial bare ice fraction also means

that floes that start off less ponded can at some point become more ponded than floes that start off

more heavily ponded. We can see this in Fig. 7 a), where the pond coverage distribution narrows up

to a certain point, after which it starts to widen again because floes with lower xi overtake the floes455

with higher xi. Using the default values of physical parameters of F bi = 73 Wm−2, H = 2 m, and

xi = 0.2, we get Sbi ≈ 0.2 month−1.

The parameter Smp controls pond growth by freeboard sinking due to melting ponded ice. When

Fmp is large compared to other fluxes and the initial pond coverage is high, this becomes the dom-

inant mode of growth. The pond growth rate due to melting ponded ice increases with pond frac-460

tion (Fig. 6, green line). The dependence on initial pond coverage is Smp ∝ xi(1−xi). For this

reason the pond coverage distribution widens over time when Smp is dominant (Fig. 7 b). Using

Fmp = 122 Wm−2, we get Smp ≈ 0.08 month−1.

The parameter Sbot controls pond growth by freeboard sinking due to melting of the ice bottom,

and is dominant when F bot is the dominant flux. The pond growth rate due to bottom melting in-465

creases with increasing melt pond fraction, although more gradually than in ponded ice melting case

(Fig. 6, red line). Since the growth rate is proportional to the bare ice fraction, Sbot ∝ (1−xi), the
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pond coverage distribution gets concentrated over time (Fig. 7 c). Using F bot = 20 Wm−2, we get

Sbot ≈ 0.07 month−1.

The parameter Ssm controls pond growth by vertical sidewall melting, and is the least constrained470

in our model. It becomes dominant if K = (k− 1)δ is large enough. Because the growth rate by

vertical sidewall melting is inversely proportional to the hypsographic curve, pond growth by vertical

sidewall melting is very fast at the beginning of the melt, and decelerates afterwards (Fig. 6, cyan

line). Like bottom melting, vertical sidewall melting is also proportional to the bare ice fraction,

Ssm ∝ (1−xi), meaning that the pond coverage distribution gets concentrated at the same rate as in475

the case of bottom melting (Fig. 7 d)). Since we cannot reliably estimateK, we can only place rough

constraints on Ssm. If we assume that 1≤ k ≤ 1.67, and that 0.01≤ δ ≤ 0.1, then 0≤K ≤ 0.07,

and 0≤ Ssm ≤ 0.17 month−1. Even if Ssm is small, it can still have a significant effect, since near

the beginning of the melt vertical sidewall melting is strong.

The black dashed line in Fig. 6 shows the total pond evolution using the default physical parame-480

ters. The evolution of the pond coverage distribution using the realistic parameters is shown in Fig. 7

e). The pond growth rate increases with increasing pond fraction, and the pond coverage distribution

slowly narrows with time. Since each growth mode affects the pond coverage distribution in a distinct

way, fitting both the evolution of the mean and the standard deviation of pond coverage distribution

in observational data could add constraints on the relevant strengths. In the realistic simulation we485

used k = 1.2 and δ = 0.05 which gives Ssm ≈ 0.025 month−1, roughly an order of magnitude less

than Sbi. Using this value, we find that bare ice melting contributes to roughly 50% of pond growth,

ponded ice and ice bottom melting both to around 20%, and vertical sidewall melting to roughly

10%. This would suggest that vertical sidewall melting is insignificant compared to freeboard sink-

ing. Nevertheless, since vertical sidewall melting is strong at the beginning of the melt, it can still490

have a noticeable effect if the melt season is short enough.

We can use the strengths to estimate how pond evolution would be affected if the conditions were

different. We can estimate the change in magnitude of the strength of each of the growth modes

when a physical parameters p changes by ∆p as

∆Si =
∂Si
∂p

∆p , (22)495

where ∆Si is the change in magnitude of the strength of the ith growth mode. This equation holds

so long as the change in the physical parameter is not too large. A change in pond growth rate can

then be estimated as ∆R=
∑
i∆Si. We can roughly estimate a change in pond fraction, ∆x, after

some time, ∆t, following a change in physical parameter, p, as ∆x≈∆R∆t. This provides a means

to estimate changes in pond coverage under different environmental conditions without solving the500

model numerically.
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We will illustrate this on an example of varying ice and pond albedo. If the bare ice albedo changes

by ∆αbi, the change in growth rate would be roughly

∆R=−
[
(1−xi) +

ρw
ρw − ρi

(k− 1)δ
] (1−xi)Fsol

Hlρi
∆αbi ≈−0.75

1

month
∆αbi . (23)

On the other hand, if the melt pond albedo changes by ∆αmp, the first and third modes do not change,505

the change in growth rate would be roughly

∆R=−xi(1−xi)Fsol

Hlρi
∆αmp ≈−0.15

1

month
∆αmp . (24)

The initial pond fraction used was xi = 0.2. It follows from these estimates that after a month, the

pond fraction would differ by roughly 7.5% for a bare ice albedo difference of 0.1, and by around

1.5% for a ponded ice albedo difference of 0.1. Therefore, variation in pond albedo affects pond510

evolution roughly 5 times less than variation in bare ice albedo. This explains our observation from

Fig. 4 c) that pond evolution is much more sensitive to variation in bare ice albedo than to variation

in pond albedo. In this way, we also extract the dependence of sensitivity on physical parameters.

Therefore, we can see that the sensitivity to pond albedo is highest when pond coverage is 50%, and

the sensitivity to bare ice albedo is highest when a floe is pond-free.515

In the high latitudes, feedbacks due to changes in albedo, the atmospheric lapse rate, and clouds

can amplify the forcing due to global warming (Holland and Bitz, 2006). For this reason forcing in

the high latitudes is generally going to be larger than direct radiative forcing due to an increase in

CO2 concentration. In a global warming scenario, pond growth rate would increase because the ice

melts faster, but also the because ice at the beginning of the melt would be thinner. We can emulate a520

global warming scenario by increasing the flux Fr by a certain amount, ∆Fr, and by assuming that

the initial ice thickness decreases by ∆H ≡ ∂H
∂Fr

∆Fr, where ∂H
∂Fr

is the ice thinning per 1 Wm−2

of warming. Therefore, we split the change in pond growth rate due to global warming, ∆R, into a

contribution from direct forcing, ∆RF , and a contribution from ice thinning, ∆RH . Using the above

formalism, we find that525

∆RF ≡
∑
i

∂Si
∂Fr

∆Fr =
[
1 +

ρw
ρw − ρi

(k− 1)δ
]1−xi
Hlρi

∆Fr ≈
0.38%

W/m2×month
∆Fr ,

∆RH ≡
∑
i

∂Si
∂H

∂H

∂Fr
∆Fr =−

[
Sbi +Smp +Sbot +Ssm

] 1

H

∂H

∂Fr
∆Fr ≈

0.96%

W/m2×month
∆Fr ,

∆R≡∆RF + ∆RH ≈
1.34%

W/m2×month
∆Fr .

(25)

The numbers in Eq (25) were obtained using the default values of the parameters, and ∂H
∂Fr

=

−0.05 m3W−1 roughly estimated using the Eisenman and Wettlaufer (2008) model. This means

that after a month’s growth global warming would increase pond coverage by roughly 1.3% per

1 Wm−2 of warming. Simulating a 30 day melt numerically using our model predicts an increase in530
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pond coverage with forcing at a rate of 1.1% per 1 Wm−2 of warming for small forcing (∆Fr ≈ 0),

increasing up to 5.6% per 1 Wm−2 for large forcing (∆Fr ≈ 15 Wm−2). This convex dependence

is due to increased sensitivity to forcing on thinner ice, and can be reproduced by evaluating ∆R at

Fr + ∆Fr and H + ∂H
∂Fr

∆Fr. Our simple estimate, Eq. (25), which is only valid for small forcing,

gives reasonable results without having to run numerical simulations. It also gives the dependence of535

sensitivity on physical parameters. Therefore pond coverage on thinner ice with less pond coverage

is more sensitive to forcing. In a likely scenario where forcing is around 10 Wm−2, our estimate pre-

dicts that after a month pond coverage would increase by around 13%. In a global warming scenario

increased forcing could also lead changes in initial pond coverage or changes inK. We ignored these

feedbacks, as we have no way of reliably estimating ∂xi

∂Fr
and ∂K

∂Fr
.540

5 Discussion

5.1 Physical processes that influence the rate of melt near the pond boundary

Several mechanisms can accelerate ice melting near the boundaries of melt ponds:

a) Even a very thin layer of water on top of ice can significantly decrease its albedo due to the

effect of multiple light reflections (Makshtas and Podgorny, 1996). Since pond water could545

wet the surrounding ice, this mechanism could lead to ice near the pond boundaries melting

faster than bare ice far away from the ponds.

b) Wetting the ice surface can also decrease its albedo in another way. If the ice is rough and

jagged on a small scale, it will have a high reflectance. Due to the effects of surface tension

increasing the pressure, ice crystals with a small radius of curvature will be under higher550

pressure, and will therefore have a lower melting point than large flat crystals. If a collection

of crystals of small but varying size is submerged in water that is at the crystals’ mean melting

temperature, small crystals will melt, and large crystals will grow at their expense through a

process called Ostwald ripening (Raymond and Tusima, 1979). This process will smooth the

ice, lowering its reflectiveness, and accelerating the rate of melt.555

c) Bands of dark algae are often washed up on the perimeter of advanced ponds, accelerating the

melting.

d) If all points on the surface of bare ice melt at similar rates that fluctuate slightly around the av-

erage, points near sea level would have a higher probability of falling below sea level through

these random fluctuations. Ice that falls below sea level would become flooded and start melt-560

ing faster, preventing it from returning to its previous position above sea level. Therefore,

simply because they are closer to sea level, points near the pond boundary would effectively

melt faster than points far away that have a higher elevation.
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All of the above mechanisms that rely on decreasing the albedo will have a lesser effect if the con-

ditions are cloudy. Even though we expect the pond boundary to melt faster than bare ice on average,565

there are some straightforward mechanisms that could cause a slower melt rate at the pond edge, and,

under the right conditions, these could possibly even outweigh the accelerating mechanisms:

a) The diurnal cycle could be such that ice melts during some part of the day and freezes during

another, with net melting occurring on average. Since ice is permeable, meltwater created

during the melting part of the day above bare ice could seep through the ice. During the570

freezing part of the day, there would be no water to freeze on bare ice, but there would be an

abundance of water at the pond edge which could freeze, thus making the net melting rate at

the pond boundary lower than the average net melting rate on bare ice.

b) Arctic sea ice is often loaded with dark impurities, such as dust, black carbon or sediments

(Nürnberg et. al., 1994; Pfirman et. al., 1990; Perovich et. al., 1998; Light et. al., 1998; Tucker575

et. al., 1999). Dark particulates can significantly lower the albedo of ice. If the ice has a

significant amount of impurities, bare ice could stay covered in dirt, whereas water could

wash away the dust on the edge of the ponds, exposing the more reflective white ice. In this

way, the pond edge could have a lower albedo than the rest of the bare ice.

c) Pressure ridges correspond to regions of thick ice and pronounced topography. For this reason580

ridge sails can collect more sunlight, and melt faster than other regions on the ice surface.

Therefore, ridges can enhance the average melt rate of bare ice compared to ice near the pond

edge, effectively decreasing the melt rate of ice near the pond boundary.

As of yet, we do not have enough information to make a reliable estimate of vertical sidewall

melting. However, studies by Landy et. al. (2014) and Polashenski et. al. (2012) suggest that ponds585

grow mostly by freeboard sinking, meaning that K ≈ 0. These are, however, only two case studies

of very limited spatial coverage. It would be best if more such observations were made in different

regions of the Arctic, and under varying environmental conditions.

5.2 Lateral melting of pond walls by pond water

In our model, we focused on vertical changes of the topography, and neglected pond growth by590

lateral melting of pond sidewalls by pond water. We will now briefly discuss this possibility.

This type of melt was the main focus of Skyllingstad et. al. (2009), who carefully calculated the

lateral melt rates of pond sidewalls by pond water. The rate of change of pond fraction due to a

lateral melt flux F lat is

dxlat

dt
=
P

A

F lat

L
, (26)595

where P is the total perimeter of the ponds and A is the area of the floe. If F lat is constant, pond

growth is linear, which explains the the apparently linear pond coverage evolution in Skyllingstad et.
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al. (2009). As we have suggested in section 3, lateral melt flux can likely be assumed proportional to

the bare ice melting flux, F lat =KlatF bi, where Klat is a constant. It is important to note that lateral

melt does not depend on ice thickness,H , or on initial pond coverage, xi. Assuming a flat topography600

above sea level in our model makes vertical sidewall melting the only means of pond growth. In this

case the pond growth rate is independent of pond fraction, and in that sense is analogous to lateral

melting. Nevertheless, vertical sidewall melting with flat topography still depends on ice thickness

and initial pond coverage.

When ponds grow by lateral melt, the growth rate is constant, and the growth is linear (Fig. 6,605

dashed magenta line). Furthermore, the pond growth rate does not depend on the ice thickness or on

initial pond coverage. For this reason, the pond coverage distribution width does not change in time,

while the mean increases linearly (Fig. 7 f).

Each point along the pond boundary can either expand by lateral melting or by vertical melting,

but not by both. This is because when a point along the pond boundary melts laterally, it creates a610

completely vertical slope at that point. Therefore a small vertical shift will not grow the ponds, and

a large vertical shift will outgrow the lateral expansion. Having this in mind, a potential model for

pond evolution that includes both lateral, and vertical melt could read

x(t) = fxvert(t) + (1− f)xlat(t)−xi . (27)

where xvert(t) is the solution to our simple model (Eq. (21)), xlat(t) is the solution Eq. (26), and f615

is the fraction of the points on the ice surface that sink below sea level via vertical motions of the

topography. It should be possible to estimate f observationally by observing the slope of ice at the

pond boundaries. Regions of very steep topography along the pond boundaries should correspond to

regions of lateral melt, whereas regions of growth by vertical melt should correspond to more gently

sloped regions. Some field measurements indicate that ponds grow mostly by freeboard sinking620

(Polashenski et. al., 2012; Landy et. al., 2014), meaning that that f should be close to 1.

5.3 Internal melt

So far, we have assumed that all the melt occurs either on the top or the bottom surface of the ice.

However, some of the melt can happen internally, in the bulk of the ice. Internal melt occurs when

trapped brine pockets with high salt content expand and dilute in order to reach a thermodynamic625

equilibrium with the surrounding ice. This phenomenon has been reported to occur both above and

below sea level. Accounting for internal melt correctly can be quite challenging as it requires detailed

knowledge of the vertical structure of internal melt. For this reason, we do not include internal melt

in our model, but only briefly discuss the qualitative effects.

Internal melt induces rigid body motion by melting mass above and below sea level, without630

changing the ice surface. It therefore only enters the pond evolution equation by changing the mass
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lost above and below sea level, Eq (4)

dmmelt
above s. l. =−Abi

F bi

l
dt−Abih

eabove s. l.

l
dt

dmmelt
below s. l. =−Amp

Fmp

l
dt−AF bot

l
dt−AHd

ebelow s. l.

l
dt , (28)

whereHd = ρi
ρw−ρih(1−x) is the ice draft depth defined as the volume of ice below sea level divided

by the area of the ice floe, and eabove/below s. l. is the energy density used for internal melting, averaged635

over all ice above or below sea level. Here, the fluxes F bi, Fmp, and F bot represent energy fluxes

used for melting the ice surface.

With this change, we can find the equation for pond coverage evolution straightforwardly, by

repeating all of the steps from section 2. We first derive the equation for the vertical motion of points

near the pond perimeter640

ds

dt
=−

[
(k− 1)

F bi

lρi

]
−

−
[ρw − ρi

ρw

1

lρi

(
F bi +

x

1−x
Fmp +

1

1−x
(F bot−

ρi
ρw
H∆e)

)]
, (29)

where ∆e≡ eabove s. l.−ebelow s. l. is the difference in average energy density used for internal melting

above and below sea level, and the two terms in square brackets correspond to vertical sidewall

melting and freeboard sinking. Then we repeat the procedure to relate Eq. (29) to the change in pond

coverage. The resulting equation has the same form as Eq. (21), with only the strength of freeboard645

sinking due to ice bottom melting modified

Sbot→ Sbot+int ≡
(1−xi)

(
F bot− ρi

ρw
H∆e

)
Hlρi

. (30)

In the absence of internal melt, Eqs. (16), (20), (21), and (30) are enough to describe pond evo-

lution. However, when internal melt occurs, another equation for evolution of bulk ice density is

required. This requires a detailed knowledge of the vertical structure of internal melt, e(z), which650

makes it too complicated to include in our model. We proceed to simply discuss the qualitative

effects of internal melt. In this discussion, we assume z is increasing upwards.

a) If internal melt is uniform throughout the floe, the energy density difference above and below

sea level is zero, ∆e= 0. For this reason, internal melt has no effect on rigid body motion.

The only effect of internal melt in this case is the reduction in ice density. This effect always655

accelerates pond growth.

b) If internal melt decreases with z, ∆e < 0. Pond growth in this case is accelerated both by the

effect of internal melt on freeboard, and by a reduction in density.

c) If internal melt increases with z, ∆e > 0. In this case the freeboard effect of internal melt

would decelerate pond growth, while the density effect would accelerate it. Internal melt,660
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therefore, could either accelerate or decelerate pond growth. At the beginning of the melt, the

effect is always decelerating, since the bulk ice density has not had enough time to change

substantially. However, if enough time passes, the density will have decreased enough to actu-

ally accelerate pond growth. If ∆e is positive enough, pond growth can even be reversed, and

the ponds can start shrinking.665

5.4 Under certain conditions, ponds can stop growing

Equation (29) for the evolution of topography near the pond edge including effects of internal melt

allows for dsdt > 0, meaning that points near the pond perimeter can move upwards, so that ponds can

stop growing, or even shrink. This happens when there is enough mass removed above sea level to

induce an upward freeboard motion that is able to compensate for the effects of local melting near670

the pond edge.

The relationships between vertical displacement of a point near the pond perimeter and change in

pond coverage are not captured well in our model when the displacement is upwards, meaning that

it cannot accurately describe the pond shrinking scenario. Nevertheless, we can use Eq. (29) to find

the exact condition for points near the pond boundary to move upwards. Setting ds
dt (x)> 0 for any675

x, we find

k <
ρi

ρw

(
1 +

h∆e

F bi

)
− ρw− ρi

ρw

F bot

F bi
, (31)

where h is the initial freeboard height. If k = 1, the internal melt difference needs to be at least

h∆e > ρw−ρi
ρi

F bot ≈ 2.2 W
m2 in order to satisfy Eq. (31). If ∆e= 0, k has to be less than 0.87 to

to satisfy Eq. (31), that is, ice near the pond boundary needs to melt 13% slower than bare ice on680

average.

Condition Eq. (31) means that there exists at least some x for which the ponds shrink (or at

least stop growing through vertical motions of the topography). Nevertheless, for high enough pond

coverage ponds would still grow, since an upward rigid body motion due to melting bare ice would

be insufficient to overcome the downward tendencies of melting ice below sea level. There exists685

a pond coverage, x0, for which ponds neither shrink nor grow. We can find its value by requiring
ds
dt (x0) = 0

x0 =
( ρi
ρw
− k)F bi + ρi

ρw
h∆e− ρw−ρi

ρw
F bot

( ρi
ρw
− k)F bi + ρi

ρw
h∆e+ ρw−ρi

ρw
Fmp

. (32)

x0 is a fixed point of the Eq. (21), and lays between 0 and 1 if Eq. (31) is satisfied. Since dx
dt < 0 for

x < x0, and dx
dt > 0 for x > x0, the fixed point is unstable (Strogatz, 2000).690

Even if x < x0, pond growth will be stopped only for a period of time if ∆e > 0. As internal melt

reduces the ice density above sea level, surface melting becomes more potent. If the surface density

becomes low enough, surface melt could become strong enough to overcome the upward rigid body

movement, allowing for pond growth.
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It seems unlikely that ponds would actually shrink, as ponded ice melts quickly. Therefore, when695

x < x0, we expect ponds to stop growing by vertical motion of the topography. In this case it is likely

that slower growth by lateral melt would take over, and pond growth could be described by Eq. (26).

When x > x0, pond growth by vertical motion of the topography would be possible. It would still

be quite slow compared to when Eq. (31) is not satisfied, which means that ponds would likely still

grow mostly by lateral melt.700

6 Conclusions

We present a simple analytical model for melt pond evolution on permeable Arctic sea ice. The

model is represented by two ordinary differential equations in which the rate of change of pond

coverage depends on pond coverage. In our model, we reduce a cohort of physical parameters to just

four Sbi, Smp, Sbot, and Ssm, which govern the strength of pond growth by bare ice melting, ponded705

ice melting, ice bottom melting, and vertical sidewall melting. Here, all of the physical parameters

combine in a known way, which allows us to assess the behavior of ponds under general conditions.

In this way, we find the dependence of pond growth rate on ice thickness, and initial pond coverage.

We also find the surprising result that bare ice albedo has a much higher effect on pond coverage than

pond albedo. Using the same formalism, we find that in a global warming scenario, pond coverage710

would change by at least 1.3% per 1 Wm−2 of warming per month.

The four modes of growth drive pond evolution in different ways: growth rate due to vertical

sidewall melting decreases with pond coverage, growth rate due to ponded ice and ice bottom melt-

ing increases with pond coverage, and growth rate due to melting bare ice first increases, and then

decreases with pond coverage. Each of these modes leaves a characteristic signature on the pond715

coverage distribution, so fitting the evolution of pond coverage distribution, instead of fitting the

evolution of pond coverage on a single floe, could lead to tighter constraints on the four parameters.

The least constrained parameter controls the ice melt near the pond boundary. The rate of ice melt

near the pond boundary can significantly affect pond growth, and under certain conditions even pre-

vent it. It follows that a narrow boundary between bare ice and melt ponds can significantly influence720

the subsequent evolution of the entire ice floe. For this reason it is important that more experiments,

field observations, or detailed analysis of the physics at this boundary layer be made.
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Figure 1. a) Local displacement represents the movement of a point on the ice surface as a result of ice melting

at that particular point. It is a function only of local ice characteristics at that point. For both local and hydrostatic

displacements the positive direction is defined as upwards. b) Hydrostatic adjustment represents the motion of

a floe as a whole in an effort to maintain hydrostatic balance because melting removes mass above or below sea

level. Melting above sea level induces an upward motion of the floe, whereas melting below sea level induces a

downward motion.
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Figure 2. Hypsographic curves show the percentage of the sea ice surface that is lower than a particular el-

evation. Pond coverage on highly permeable sea ice can be inferred from here as an intersection of sea level

(horizontal blue line) with the hypsographic curve. a) Hypsographic curve measured by Landy et. al. (2014)

for June 25th of 2011. The vertical dashed line represents the pond coverage, assuming that ice is permeable

enough. The red line represents a fit to the part of the hypsographic curve above sea level with a function

s(xh) = atan(bxh+c)+d. b) Three hypsographic curves for different initial pond coverage, and the same ice

thickness. c) Three hypsographic curves for the same initial pond coverage, and different ice thickness.
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Figure 3. a) A comparison between pond evolution in the simple model and the 1D model. Solid black

curve represents the simple model. The dashed blue, green, and red lines represent the 1D model for differ-

ent functions k(xh) shown in panel b). These different functions were chosen such that the integral parameter

K =
∫
(k(xh)−1)dxh is the same as for the simple model. The dashed magenta curve represents the 1D model

with pond albedo varying with depth. There is significant agreement between all the curves, suggesting that the

simplifications made in the simple model were justified. Since including the variable pond albedo does not

change the pond evolution significantly, this detail can most likely be ignored when estimating the pond cov-

erage on permeable ice. b) Dashed blue, green, and red lines represent functions k(xh)− 1 used to run the 1D

model. Thick black line represents the hypsographic curve near the pond edge.
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Figure 4. Numerical solutions to Eq. (21) using varying parameters around the defaults described in the text.

a) Varying initial pond coverage. Solid lines represent solutions using full time-varying fluxes, while dashed

lines represent solutions using time-averaged fluxes. The two solutions are very similar, and for this reason we

subsequently use only the time-averaged fluxes. b) Varying ice thickness. Ponds grow slower on thicker floes.

c) Varying pond and bare ice albedo. Different colors represent different bare ice albedo, and full, dotted, and

dashed lines represent different pond albedo. A change in bare ice albedo has a much larger effect on pond frac-

tion than the same change in pond albedo. d) Varying the constant k. For k = 0.8, the ponds shrink. However,

pond evolution for k < 1 is not represented well in our model, so this curve serves only as an illustration.
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Figure 5. a) A comparison between different variations of our model. The red line is the results of Skyllingstad

et. al. (2009). The dashed line represents our model with only vertical sidewall melting included. The dotted

line represents only vertical sidewall melting using a flat topography. The full line represents our model when

freeboard sinking is included. b) A comparison between measurements of pond fraction made during SHEBA

along the albedo line (red line), and our model (black line).
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Figure 6. a) Phase portraits for different modes of pond growth. The growth rate for each of the growth modes

is normalized for visual clarity. Pond growth rate for bare ice melting (blue line) first increases up to a certain

pond coverage that lays roughly at the midpoint between xi and 1, and decreases afterwards. Ponded ice melting

(green line), and ice bottom melting rates (red line) both increase with pond coverage. Vertical sidewall melting

rate (cyan line) decreases with pond coverage. The black line represents a realistic combination of the four

growth modes, and shows a slowly increasing pond growth rate over much of the phase space. The dashed

magenta line represents lateral melting. b) Solutions to Eq. (21) when only one of the growth modes is active.

The time axis is normalized for visual clarity.
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Figure 7. In this figure we have evolved an ensemble of 105 floes with varying initial pond coverage according

to Eq. (21) when only one of the growth modes is active. Red curves represent the initial pond fraction dis-

tribution, blue curves represent the pond fraction distribution after 25 days, while the green curves represent

the pond fraction distribution after 50 days. We show how different growth modes have differing effects on the

pond fraction distribution. a) Bare ice melting first narrows the distribution, and then widens it. b) Ponded ice

melting widens the distribution. c) Bottom ice melting narrows the distribution, while the mean of the distribu-

tion increases at an increasing rate. d) Vertical sidewall melting narrows the distribution, while the mean of the

distribution increases at a decreasing rate. e) Using realistic parameters, the pond distribution slowly narrows

and accelerates. f) If there exists a physical fixed point, 0< x0 < 1, ponds likely grow via lateral melting. In

this way, pond coverage distribution does not change width, and the growth is linear.
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